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2 Clarivate

Analytics

NAS RK is pleased to announce that News of NAS RK. Series of geology and technical
sciences scientific journal has been accepted for indexing in the Emerging Sources Citation
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of
Science offers to researchers, authors, publishers, and institutions sets it apart from other
research databases. The inclusion of News of NAS RK. Series of geology and technical
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the
most relevant and influential content of geology and engineering sciences to our community.

KaszakcmaH Pecniybnukacel ¥immbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonozausi xoHe
MmexHUKarbIK FbiribiMOap cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfFaH Hyckachl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapsaldel. byn uHdekcmerny
b6apbiceiHOa Clarivate Analytics komnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke kabbinday maceneciH
Kapacmbipyda. Webof Science sepmmeywinep, aesmopnap, 6acnawhbinap MeH MekeMmesriepee KOHmMeHm
mepeHdiei MeH canacbiH ycbiHalbl. KP YFA Xabapnapbi. [eonoeusi XeHe MeXHUKasbIK fblibiMOap
cepusicbl Emerging Sources Citation Index-ke eryi 6i30iH KoramOacmbiK YWiH eH e3ekmi xoHe 6edesnodi
2e0/102Us1 XKoHe mexHUKarbIK FbliibiMOap 6olbiHWa KoHmeHmke adanobifbiMbi30bi 6indipedi.

HAH PK coobuwaem, 4mo HayuyHbll xypHan «Mseecmuss HAH PK. Cepusi 2eonoauu U mexHu4eckux
Hayk» 6bin npuHsam 0ns uHlekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHol eepcuu Web
of Science. CodepxaHue 8 amom UHOeKcuposaHUU Haxodumcsi 8 cmaduu pacCMOMmpeHUs: KoMmrnaHuel
Clarivate Analytics Ons OanbHelweao npuHsmus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadyecmeo u eanybuHy KoHmeHma Ons uccriedosamesiel, asmopos, u3damesiell U y4pexoeHudl.
BkriroueHue Uzsecmusi HAH PK. Cepusi eeonozuu u mexHudeckux Hayk 8 Emerging Sources Citation
Index demoHCmMpupyem Hawy rnpueepXxeHHoCcMb K Hauboriee akmyarnbHOMY U 8/IUSIMEsIbHOMY KOHMeHmy
10 2e0/102UU U MeXHU4YeCKUM Haykam Oris Hauleeo coobwecmsa.
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POLYNOMIAL TIME ALGORITHMS
FOR SOLVING NP-COMPLETE PROBLEMS

Abstract. The paper proposes algorithms with a polynomial time complexity and memory for solving the
Subset Sum problem. The algorithm is obtained by using a combination function and mapping, the arguments of
which are input data with a given length and a certificate. The work with indices of the input data is based on
combination function and the combination generation algorithm. Mapping and combination function help to deal
with an exponential time complexity of existing algorithms and solve combinatorial problems with constraints. In
fact, the proposed algorithms solve the Millennium problem posed by S.A. Cook in a polynomial time. The proposed
algorithms are applicable for input data with a given length together with the certificate with a given value.

Key words: polynomial algorithms, the Subset Sum problem, NP-complete problems.

Introduction. One of the most important problems in computer science is the equality of classes
P and NP. This problem was formulated in 1971 and still remains unsolved. Currently, the completeness
of more than 3000 problems from the NP class has been proved. In addition, P vs NP is one of the seven
Millennium Prize Problems, which emphasizes the problem’s enormous complexity and fundamental
nature.

The main idea of NP-complete is that NP problems can be reduced to NP-complete in polynomial
time. Examples of NP-complete problem are the Knapsack problem and the Subset Sum problem among
others. The Knapsack problem is a combinatorial optimization problem with constraints. Moreover, the
Subset Sum problem is a subproblem of the Knapsack problem. A pseudo-polynomial algorithm exists to
solve the Knapsack problem, the algorithm using dynamic programming. Therefore, all NP-complete
problems are important.

Let us cite the famous S.A. Cook’s problem setup: Could the verification of the correctness of a
solution to the problem take longer (in terms of time) than the time it takes to find that solution, regardless
of the verification algorithm. In other words, Cook’s problem states that the time for the verification of
any solution is less than the time required to solve the problem.

In [1] algorithms of combinatorial problems were divided into verification and solving problems,
with the possibility to study their complexity. In addition, it implies dependence on the input data X and
certificate S in Boolean form, A(X,S)=1.

The complexity of the algorithm disclosed in [1,2] is determined based on the function
f(n) = O(g (n)) < 3(C > 0),n5:V(n > ng) f(n) < Cg(n). The function f(n) is asymptotically upper
bounded by g(n) by up to a factor C. An algorithm is polynomial if the complexity of function f(n) can
be represented by f(n) = 0(n*), where & is a constant regardless of the length of the input data n. This is
equivalent to f'(n) = O (p (n)), in which the degree of the polynomial p (r) does not exceed £.
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The aim of this paper is to solve any NP-complete problem in a reasonable time, but not the proof of
Cook’s problem.

First of all, we should find algorithms which can solve the problem in a reasonable (polynomial)
time. Let us note that the verification algorithms have polynomial time complexity.

The solution to the problem. As a basic problem of the NP-complete class, let us consider the
Subset Sum problem. The computational complexity of the Subset Sum problem depends on the size of
the input data » and the accuracy p (defined as the number of binary bits in the numbers that make up the
set and certificate S). This exponential dependency on the input size was established when solving the
Knapsack problem in [3,4].

The aforementioned algorithms are considered the best among the known exponential time
algorithms for solving the Subset Sum problem.

However, these algorithms do not handle the indices of the original sets for defining subsets, whose
sum of elements is equal to the certificate S, and only later on the Gray code is supposed to be used. In
addition to that, an exponential growth complicates their application in practice. In the process of solving
the problem, additional information embedded in the certificate S was not used.

Questions always arise to address these limitations. In [5], a new approach was proposed for solving
the Subset Sum problem.

The idea of the approach is as follows:

— determine a range to which the certificate S belongs;

— determine the dimension m of the subset X,,, over that range;

— define mapping 7(x, S) of the original set X™ into another set Y™: y; = 7(x;,S), x;eX™, i =12, ..,n;

— check the condition y; = y;, i # j, that verifies the certificate § = x;+x;;

We propose new algorithms for the Subset Sum problem X,, with dimensions two, three and four
(m=2, m=3, m=4) belonging to the n-dimensional set X", with the advantage of time and memory
optimization. For larger dimensions including four or more, we consider the composition of the Subset
Sum algorithms X,,, with dimensions two, three and more.

In the next paper [6] we further develop the proposed approach, where variable m could take even
numbers 4,6,8,10 or more.

The idea of developing the approach is as follows:

— construct the subset Z! = {z1,2,, ..., z;} consisting of k elements x; € X™ with indices determined
by the generation algorithm of the combination C¥ from the set X™, [ = C¥,k < m/2;

— define the mapping 7(z, S) of the subset Z! into the set Y': y; = 1(z;,5), z,eZ%,i = 1,2, ..., n;

— the condition y; = y; (i # j) guarantees that a subset X,, = {z;} U {z;} with mismatching indices
and automatic implementation of certificate S=},{z;} + Xx{z}.

In other words, this corresponds to forming subsets X,,, with parameters m=4, m=6 and more. Here,
the certificate calculations S = Y, {z;} + Xx{z;} and the complexity of the algorithm is reduced at least
twice. The inequality i # j means that you can always choose the indices i, j to form a subset of X,,, with
mismatching indices (which follows from the combination generation algorithm). This is the underlying
essence of the proposed algorithms for solving the Subset Sum problems. The formation of subsets X,
with odd values for the parameter m was fully described in [5].

The algorithm is summarized as follows:

m
Xt =751z > Y 5 yi=y; > X ={z}U{z;}, = C}k <<
Further formation of these subsets with parameter m > % + 1 is not necessary. This follows from the

basic properties of the combination function. The form of the map t (z, S) is given in [5].

Methods of reducing complexity of the proposed algorithms. Method 1. For the value
S; = Yi{z}, a subset {z;} is formed from Z!. The value of S; is found by the equation S; = S — S;. The
subset {z;} corresponding to S; is found by the algorithm using the set X™ or via the subset Z' using a
binary search. Moreover, these quantities allow us to form the subsets X;,, = {z;} U {z;} with mismatching
indices from the original set X™ based on S = Si' + Sl The complexity of the algorithms is stepwise
reduced by two or more times.
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Method 2. Dividing the set X™ into k subsets with lower dimension. Then, combinations of subsets
are considered to form X,,,. The complexity of the algorithms is stepwise reduced by two or more times.

Method 3. Parallelization of the necessary operations generated by a simple software implementation
of algorithms for solving the Subset sum problem in order to use all the existing capabilities of computing
devices and hardware. The complexity of the algorithms is stepwise reduced by two or more times.

Thus, a scientific direction for the study of problems from the NP-complete class has been developed.

Let us give an example to show how the algorithm works. Suppose there is a set
X® ={17,43,38,14,20,10,36,47} with dimension n=8. The problem asks to determine if there exists a
subset X;,, ={xi, xj, X, xn}, where the sum of the subset’s elements fulfils S=120. Here the certificate S is
S € [Stin Shax] = [61,164]. Therefore, the parameter m=4. Let’s sort the original set X8 in ascending
order, then the sorted X8={10,14,17,20,36,38,43,47}. Next, form a subset Z! = {z,, z,, ..., 7;}, consisting
of two elements x; with indices defined based on CJ, from the set X", 1 = C}, k = %,l = 28. Now, now

apply the algorithm from [5] or the algorithm given above to the subsets to form subsets Then, apply the
algorithm from [5] or the algorithm given above to the subset Z ! to form subsets X, 4 ={x1, X4, X7, X3} OF
X, ={x3, X4, X5, X3}, Where the sum of elements of each of them is 120.

Now we show the possibility of applying these algorithms to any set X™ and any subset X,,, for
example, X124 X.,, S. We divide the sorted set X™ into 32 subsets with dimension 32. Then we get a
subset Z! based on the combination C3y, | = 486. The number of subsets X3, will be C2, = 486 to form
the subset Xgo. Thus, to construct a subset Xg, with an arbitrary certificate .S, 234196 combinations are
required. This means that we have shown the possibility of solving the Subset Sum problem in a
reasonable time, more precisely, solving the problem of the sum of subsets with modern computers.

It is easy to determine the upper bound for the run time of the algorithm and the required memory.
Then the running time of the algorithm from the second approach will be T = O(C * [), for some constant
C, the required memory is M = 0(l), L = C¥, k < %

These estimates allow us to state that the Subset Sum problem is solvable on modern computers, and
the brute force approach for the Subset Sum problems even using modern computers is not reasonable.

Conclusion. We conclude that although the question of the equality of classes P and NP has not yet
been solved, many scholars tend to believe that they are not equal. This statement is valid for the problem
posed by Cook and it follows from the proposed algorithms. But the final point in the dispute will be set
only by rigorous mathematical proof.

However, the effectiveness of the proposed polynomial-time algorithms found on the basis of the
developed approach to solve the Subset Sum problems, including NP-complete problems, confirms the
existence of a solution to the same problem in a reasonable amount of time. This conclusion is very
important for practice and computer science. In fact, a method is proposed for solving the Millennium
problem posed by Cook with a polynomial time algorithm. A patent [7] for a computer system with a high
processing speed of big data was obtained.

Finally, we note possible applications

The application scope of the results The application scope of the results
in practice: in theory:
1. Big data; 1. Search problem;
2. Search engines; 2. Satisfiability problem;
3. Encryption systems; 3. Theory of algorithms;
4. Coding systems; 4. Decision problem;
5. Banking systems; 5. Encipherement problem
6. Payment systems; 6. Encryption problem;
7. Intelligent systems; 7. Knapsack problem;
8. Medical diagnostic systems; 8. Traveling salesman problem;
9. Many other systems. 9. Many other problems.
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NP-COMPLETE KJIACBI IPOBJIEMAJIAPBIHA APHAJITAH
IMOJIMHOMMUAJIABI AJITOPUTMAEP TYPAJIBI

AHHoTanus. Makasaa )KUBIHTBIKTAp €CeOiH IICNIyre apHAJIFaH KOIMAFbIHAJBI YaKbIT TICH JKaIKa TOYEJITIr
YCHIHBUIFAH ITOPUTMJIEp CHIATTalFaH. byl KenmMmyIenik ToyenaumiK OipiKTipiireH >koHe AMCIUICH (DyHKUIUSCHIH
€HTi3y apKbUIbI aJIbIHAIbI, OJIAPABIH JIaJIeli OepiIreH Y3bIHABIKTAFbI )KOHE KYQJIKIIEH SHTI31UIeTiH MaJliMeTTep OOJIBII
tabpuTagsl. Kipic gepexTepiHiH HHAEKCTEpIMEH KYMBIC KOMOMHAINS (PYHKIUSACH MEH KypaMa allfOPUTMIE HeTi3el-
red. EHTi3inreH kapTra MeH YHIIeCiMaTiK GyHKIHSITAPB! SKCIOHSHIIHAIB aTOPUTMICPIIH KYPASTIITiHACTI 6CyIiH
JKAPBUIFBIII CUIATBHIH KOHE HICKTEYJIePMEH KOMOMHATOPJIBIK ONTUMHU3AIMs Macenenepid memresni. [IsH MoHiHE,
Kyk »xacaraH KOIDKBUIIBIK AITOPUTMMEH MBIHXKBUIABIK MPOOJeMachlH LICHIY/AIH 9[ici YChIHBUIFaH. byn omic
OepinreH MoHi O6ap cepTuduKaT OOJNIFaH Ke3lle aKbIPJIbl Y3bIHIBIKTAFBI MAJIMETTEpPAl €HII3y YIIIH KOJJaHbLIa/bI.
Hotmxenep >KUBIHTBIKTAp €ceOiH LIeNIy/iH YCHIHbIIFAH HAKThl aJTOPUTMIEP] OCHI alITOPUTMAEPIIH JKYMBIC icTey
YaKbITBIH €/19yip KbICKapTaibl, COHBIMEH KaTap KOMIIBIOTEpJIEP/iH, CepBepJIep/iH KoHe Oacka NaiijajaHbUIFaH
€CelTey KYpbUIFbUIAPBIHBIH JKaOAbIKTapblHA KOWBUIATHIH TalanTapibl a3alTalbl. O3IpJIEHreH alropuTMIEPAiH
HETI3ri TYCTapbhlH CypeTTeHTiH Mblcanaap kenTipinreH. JKublHaap eceOiH LIeulyre apHalfaH YCHIHBUIFAH Marema-
THKAJIBIK TEOPHs KONITETeH TEOPHSUIBIK JKOHE ITPAKTUKAJIBIK eCenTep/i menryre MyMkinaik 6epeni. by NP-complete
KJIachl IpoOJieMaap bl 3epTTEyre apHaIFaH FHUIBIMU OaFbITTBIH MOHI.

OKCHOHEHIHAIBI AJITOPUTMAEP/IIH 0acThl KEMIIUIITI - aKIapaTThl OHAEYTe KAXKETTI YaKbIT I1€H XaJ 3KCIIOHEHT
apKBUTBI KOpceTiiei, artam aiTkanaa T*M = O(2") yakbITBIHBIH Kaabl (OHIEITeH MATIMETTEPAIiH n caHbl). COHFBI
ECKepTy alapaTThlK Kypalgapra JXOHE akKmapaTThl OHJACY/iH 0acka KypallapblHa KaTaH TajanTtap Kosjbl bi3
KOJITAHBICTAFbl aITOPUTMICPIIH KOJNIAHBIITY IIETiH aHBIKTaiMBbI3. KoHbHER n = 128. 2% 5lIeMeHTTIH iMKi KHUBIHBIH
cypeinTay yunH yakeithl Kaxer O(27°). Kasipri kommbloTepinep MeH akmapaTThik TexHonorumsmap 2°° nepek
KeJIeMiH/Ie )KYMBIC icTeil anaTpiibl Oenrini. Ocbuiaiiia, TINTi OChIHIAM 1IKI KUBIHBIH CYPHINTAY KUBIH.

TyiiiH ce3aep: MOJTUHOMHAIIBIBI AITOPUTM, KUBIHTHIKTap ecedi, NP-complete kimachr.
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O NIOJIMHOMUAJIBHBIX AJITOPUTMAX JJISAA 3AJJAY U3 KJIACCA NP-COMPLETE

AnHoTanusi. B pabore omnmucaHbl NpeIUIOKEHHbIE AJITOPUTMBI C MOJMHOMHUAIBHOM 1O BPEMEHHM M HaMSTH
3aBHCHUMOCTBIO 110 PEIICHUIO 33J]aui O CyMME IOJMHOXKECTB. DTa MOJIMHOMHUAIBHAS 3aBUCHMOCTD IOJIydeHa IyTeM
BBEICHNS (DYHKIUU COYETaHUS M OTOOpa’KeHHWs, apryMEHTaMH KOTOPOTO SIBJISIIOTCS BXOJHBIC JaHHbBIE C 3aJaHHON
JUIMHOM 1 cepTudukat. PaboTa ¢ nHIEKcaMn BXOIHBIX JaHHBIX OCYILECTBIEHA Ha OCHOBE (DYHKIMM COYETAHHS U
ITOpUTMa IeHepalny coueTanunii. BBeneHHbie 0ToOpakeHus 1 (GYHKIMH COYETaHMS CTIIaXHUBAIOT B3PBIBHOW Xapak-
Tep pocTa TPYAOEMKOCTH SKCHOHEHIMAIBHBIX AJTOPUTMOB M DPEHICHHs 33/71a4 KOMOWHATOPHOH ONTHMH3AIMU C
orpaHn4eHusAMH. DaKTHUYECKH MPENIOKEH METOJ pEIIeHHs 3aJadd ThICSYeneTus, nocraBaeHHod Kykom, ¢
MOJIMHOMHUAIIBHBIM BPEMEHEM padOTHl anropurMa. MeToa MpUMEHUM Ul BXOJHBIX JAHHBIX KOHEYHOM IJTMHBI NIPU
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HaJIM4YuM cepTuduKara ¢ 3aJaHHBIM 3Ha4eHHEM. [lodydeHHbIe pe3yNbTaTbl IIOKa3bIBAIOT, YTO IPEATIOKCHHbBIC
TOYHBIC aJrOPUTMBI JJIsl PELICHHS 33/1a4ll O CyMME ITOJMHOXKECTB CYIIECTBEHHO COKpAIaloT BpeMsi pabOThI 3THX
QITOPUTMOB, a TAaK)KE YMEHBINAIOT alllapaTHble TPeOOBaHMS K MOIIMHOCTH KOMIIBIOTEPOB, CEPBEPOB U IPYIHX
UCIIOJB3YyEMbIX BBIYHMCIUTENIBHBIX yCTPOHCTB. IIpuBeneHbl NpUMEpHl, WLTIOCTPUPYIOIINE OCHOBHBIE IOJOKCHUS
pa3paboTaHHBIX aIrOpUTMOB. [Ipeanaraemas MaTeMaTuueckas TEOPHs MO PEIICHUIO 3a/lauyll O CyMMe HOAMHOXKECTB
MO3BOJIUT PEIINTh MHOTHE TEOPETHUECKHE W NMpaKTHYeCKHe 3aJayd. TakoB CMBICT pa3pabaThIBaeMOr0 HAay4HOTO
HAIPAaBJICHUS 110 MCCIICI0BaHUIO pobiieM u3 kiacca NP-complete.

OCHOBHBIM HEJJOCTATKOM O3KCIIOHEHLMAIbHBIX aJrOPUTMOB SIBJISIETCS TO, 4YTO Tpedyemoe BpeMs H
UCIIOJIb3yeMast MaMATh JUIsi 00paboTKu MH(GOPMAIK BBIPAXKAETCS Yepe3 HIKCIIOHEHTY, & MMEHHO BPEMsi, YMHOKEHHOE
Ha mamate T*M = O(2") (n-xommuectBo oOpabarbiBaeMbiX AaHHbBIX). [locienHee 3aMevaHHe HanaraeT O4YEHb
JKEeCTKHMEe TpeOOBaHWS Ha almapaTtHble W Jpyrue cpeicrtBa o0paboTku uHopmanuu. OnpenenuM TpaHULly
MPUMEHUMOCTH CYIIECTBYIOUIMX anroputMoB. Ilomoxxum n=128. JIns cOpTUPOBKM IOAMHOXKECTBA, COCTOSIIETO U3
2% snementoB, HeoOxoammo Bpems O(27°). VI3BeCTHO, YTO COBPEMEHHBIE KOMIBIOTEPHl M HH(DOPMALMOHHBIE
TEXHOJIOTHH MOTYT paboTaTh ¢ KommuecTBoM 2°° TaHHbIX. Takum 06pas3oM, ake COPTHPOBKA TAKOTO MOIMHOXKECTBA
3aTpyAHHUTEIbHA.

KroueBble ci10Ba: IOJMHOMHAIBHBIN aITOPUTM, 33/lada 0 CyMMe IIOAMHOKeCTB, kinacc NP-complete.
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