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NAS RK is pleased to announce that News of NAS RK. Series of geology and technical 

sciences scientific journal has been accepted for indexing in the Emerging Sources Citation 
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate 
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation 
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of 
Science offers to researchers, authors, publishers, and institutions sets it apart from other 
research databases. The inclusion of News of NAS RK. Series of geology and technical 
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the 
most relevant and influential content of geology and engineering sciences to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Геология және 

техникалық ғылымдар сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы 
Emerging Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу 
барысында Clarivate Analytics компаниясы журналды одан әрі the Science Citation Index Expanded, 
the Social Sciences Citation Index және the Arts & Humanities Citation Index-ке қабылдау мәселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Геология және техникалық ғылымдар 
сериясы Emerging Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті және беделді 
геология және техникалық ғылымдар бойынша контентке адалдығымызды білдіреді.  

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия геологии и технических 

наук» был принят для индексирования в Emerging Sources Citation Index, обновленной версии Web 
of Science. Содержание в этом индексировании находится в стадии рассмотрения компанией 
Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index Expanded, the 
Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science предлагает 
качество и глубину контента для исследователей, авторов, издателей и учреждений. 
Включение Известия НАН РК. Серия геологии и технических наук в Emerging Sources Citation 
Index демонстрирует нашу приверженность к наиболее актуальному и влиятельному контенту 
по геологии и техническим наукам для нашего сообщества. 
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MODELS OF ANALYSIS OF DISTRIBUTION  
OF PASSENGER TRAFFICS IN ROUTED TRANSPORT SYSTEMS 

 
Abstract. The article considers the mathematical models for describing the processes of movement in cities, 

which are necessary for describing the processes of servicing on the routed urban passenger transport and making 
decisions to improve the management of traffics. It is proposed to create a database of all permissible movement 
paths in the city. There are many competing routes between any pair of city districts. An algorithm for the formation 
of paths is proposed, its essence is construction of typical multigraphs of transport links. The developed approach 
allows dividing the modelling of the processes of passenger traffic servicing on routes. This, along with the deve-
loped queuing models on the route, allows to obtain more detailed characteristics of the movement processes in the 
transport system in comparison with the known methods. 

Keywords: urban passenger transport, transport network, route network, route link, movement paths multi-
graph, traffic correspondence, route selection strategy. 

 
Introduction. The purpose of the urban passenger transport system (UPT) is to provide services to 

the city habitants by passenger transportation on the basis of efficient and coordinated use of available 
transport resources and in accordance with public interests. 

Considering the application algorithms characteristic for transport systems, it is possible to single out 
a number of characteristic control tasks and corresponding subsystems of automated information resources 
[1, 2]. At the first stage of development of such systems, it is important to provide a single formalized 
description of the routed transport system [2]. 

The following formalized description of the transport system can be used for various types of routed 
transport. Indeed, in such transport systems there are a number of common basic elements: the transport 
network, the route network, the correspondence between the points on the transport network (TN), the 
traffic flow on the route network (RN), the routes between the TNs, the paths of servicing the traffic flows 
in the RN, etc. A universal formalized description of routed transport systems is especially relevant in link 
with the development of geoinformation systems [3]. 

The authors previously developed an algorithm for determining the maximum flow during 
distribution in the network [4] and examined the problem of placing the minimum number of cameras in a 
given transport network [5]. This scientific work is a logical continuation of the work performed on the 
research topic. 

Description of the transport network in the form of a graph. The transport network means the set 
of points, characterized by a certain location and mutual relations between each other. The TN can be 
represented as a graph S (Z, W), where Z is a finite non-empty set of points i Z, |Z|=n; W is a set of links 
(arcs or edges) - (i, j)  W, whose length corresponds to the distance between points i and j, |W|=d; ij; i,j 

= n,1 . Here n, d are, respectively, the number of points and links on the graph S (Z, W). 

The RN is specified by the set of transport routes (TR) - {Mk},where k  IM; |IM| = m; IM is a set of 
indices of all TR-k operating on the RN; m is a number of TRin theRN. 



ISSN 2224-5278                                                                                Series of Geology and Technical Sciences. 6. 2019 
 

 269 

Each TR-k  IMis described by the sequence of passing the points ik
,  = 1,nk , that make up the 

trajectory of its movement: 

},...,,{ 21
k
n

kkk
k

iiiM   ,                                                            (1) 

where nk is a number of points in TR-k, we should note that in the considered TR - k, the initial and final 

points in the trajectory Mk are the same, i.e. ik
1 = 

k
nk

i . 

Link(ik
, ik

)is a route link of k-th TR. The set of all route links (ik
, ik

), k  IM, k=1,m, ;                       

, 1,nk on the route network can be represented as an oriented graph M(Z1,W1). Z1is a set of points                

i Z1, |Z1| = n1, Z1  Z; W1- is a set of route links (ik
, ik

) W1, As the arcs we can consider the time spent 
when following from point ik

 to point ik
 on ТМ - k, or distance between ik

 and ik
on graph S(Z,W)etc. The 

number of route links |W1|=d1is such that their number - d1 , as a rule, is much larger than d, besides, it is 
obvious thatn1 n. 

On the transport routes k  IM, in accordance with its trajectory Mk, transport units (TU) move, which 
provide transportation to the TR. 

The operation of each transport route k is characterized by the set of parameters {k} =                       
= {k

1, k
2,...,k

l}, wherek
i – is i-th parameter of ТМ k  IM; i= l,1 , l is a number of parametersk

ik. 

Note that the type of transport route - k is determined by the type of transport units (TU) - k, 
functioning on this TR. 

Between points i and j, ij; i,j Z, there are certain movement flows. If these flows can be considered 
as stationary, the potential flows between points i and j are determined by correspondence that can be 
represented as a matrix 

 = || ij ||,                                                                        (2) 

where ij is intensity of the flow from i to j, ij; i,j Z, i,j1 , n . 
The correspondences ij are distributed on the route network in the form of flows on routes that can 

be represented using flow matrices:  

k = || xk
 ||,                                                                       (3) 

where xk
is intensity of flow from pointto pointon the transport route k  IM, k=1,m; , = 1,nk , nkis 

a number of points on TR k. 
Correspondence ij consists of individual needs for movement, which we will call correspondence 

elements. The implementation of correspondence elements can occur in different paths. For example, 
individual movement of each element is possible, while restrictions on such movement are superimposed 
in the form of its duration over time. Along with individual movement, the correspondence elements can 
make movements using one or more transport routes of types k, k  IM. 

In the movement process using TR-k, it is possible to switch from one type of TU - s to another type 
of TU- l, sl, , or from one TU to another TU of the same type k, which is carried out using individual 
movement . Necessity of performing the switch is due to the fact that route links (ik

, ik
) do not exist 

between all pairs of points i and j on the TN. In addition, for different links, certain modes of transport can 
have different priorities. 

Finding the shortest path. The implementation of movements by correspondence elements, as a 
rule, is carried out by several competing (alternative) paths of movement. Most preferable in this case is 
the shortest path and near-to-shortest ones. Movement paths consist of a sequence of alternating individual 
and route links, and the movement path shall begin and end with individual link. We introduce a more 
precise concept of the path of movement between the corresponding points on the transport network. 

Path hp
kij is k-th path of movement between point si and j on RN of order p, if a number of route links 

(il
, il

)on the given path is equal top, and a number of switches is less on one. Here l is a route number:               
l  IM. Number of route links in the route (number of switches) can be limited byp= S,1 , Sis the given 
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allowable number of route links(il
, il

)in path hp
kij. As deviation from the shortest path can be considered 

only in the allowable limits, then the number of paths between point s i and j; ij; i,j Z, is limited as 

well: k = N,1 . 
Path hp

kij between points i and jon RN can be described in the following way:  

hp
kij = {i,j; t(hp

kij); p; k1,1,1; k2,2,2;... kl,l,l, …, kp,p,p}                            (4) 

where t(hp
kij) is time spent to move on path hp

kij; p is path order; kl is TR index, implementing l-throute 

link(l, l); l и l are initial and final points in route link(l, l), l=
1, p . 

Further, in terms of abbreviating, instead ofhp
kij we shall write hkij. 

Usually, in order to determine sensible and reasonable limitations on a number of competing paths hkij 

between points i and j on TN, the parties use the specified behavior strategy. Such a strategy is set by 
probability function of priority p(hkij)of movement paths hkij, connecting corresponding points i and j: 

p(hkij) = (k
1, k

2,...,k
l),                                                              (5) 

wherek
 is a value of -th parameter, which specifies the path hkij; =1, l , l is a number of parameters. 

Probability function of priority (5) allows to make distribution of correspondencesij in paths hkij 

proportionally to probabilities: 

x(hkij) = ij p(hkij),                                                                   (6) 

where x(hkij )is a flow in path hkij, k=1, N , Nis a number of paths between points I and j. 
As distribution of correspondences ij may be fulfilled only in paths hkij, connecting points I and j, so 

the following equalities are fulfilled: 

1)h(p
ijkij Hh

kij 


,                                                               (7) 

ij
Hh

kij

ijkij

)h(x 


,                                                              (8) 

where Hi j is aset of all paths, connecting points i and j. 
Let’s consider the proposed approach for the formation of a formalized description of the transport 

system with respect to the UPT system. 
The transport network for the UPT is a street-road network (SRN) other city which is represented by 

the SRN-S (Z, W) graph, where Z is a finite non-empty set of districts (zones) of the city i Z, |Z| = n; 
Wis a set of arcs (often it is possible to consider edges) (i, j)  W, the weight (length) of which 

corresponds to the distance between i and j zones of the city on the SRN graph; | |W| = d, i, j= n,1 ; n, d - 
are, respectively, the number of zones and edges on the graph of the SRN of S (Z, W). 

The route network of the UPT consists of a number of routes. Routes in the city are of different types. 
The type of the route is determined, as a rule, by the type of transport units carrying out the transportation 
on the route. 

Each k-th route of the UPT is described by the sequence of passing the zones ik
, =1,nk in the 

forward direction before returning to the parking point },...,,{ 21
k
n

kkk

k
iiiM  . Note that ik

1 = 
k
nk

i , that is, 

the initial and final zones in the description of route k coincide, since the path of any route Mk is a route 
round trip. Route numbers form a set: k  IM, m is a number of routes in the UPT network. 

Each route of urban passenger transport k  IM is characterized by a certain set of parameters. These 
include, first of all, general parameters: this is a number of transport units carrying out transportation on 
the route - ak; the time interval between transport units -k;; the length of the route -Lk (sometimes, in the 
case of routes with a complex configuration, it is more convenient to consider the length of the round trip). 
The second group is formed by the parameters characterizing the means of transport that carry out the 
transportation on the route - this is primarily the type of transport - k; the operational speed of transport 
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on the route -Vk (except for the operational one, more detailed parameters of the speed of movement can be 
considered); capacity of transport units - k. 

The transport interlink of districts of the city is characterized by potential flows of inhabitants moving 
between zones i and j of the city, such flows are usually called potential correspondence. The intensity of 
correspondence is given in the form of a matrix: 

 = || ij || whereij is the intensity of movement from zone i to zone j, i, j = 1,n , i, j  Z. 
The intensity of passenger flows on the transport route is also specified in the form of matrices. 

Elements of these matrices are real passenger traffic on each of the UPT routes - k: Xk = || xk
 ||, where 

xk
 is the intensity of the passenger traffic from zone i to zone j on the route k; ,  = 1,nk ; nk is a number 

of zones in the trajectory of the route k  IM 
Elements of correspondence in the city are separate movements. Passengers when traveling between 

areas of the city use walking (individual) movement, as well as movement using the routes of the UPT. 
Route links on the UPT network will be denoted by hM

k=(ik
, ik

), k  IM, ; , = 1,n k . If we 

consider the route links of all routes cumulatively, then they form a multigraph of non-circular route links 
M(Z1, W1), where Z1is a set of city zones i Z1, |Z1| = n1, Z1 Z; W1is a set of direct route links (ik

, ik
)  W1. 

The arcs of graph M(Z1, W1) can be associated with weight values that express certain characteristics of 
the corresponding route link. The main characteristic is the time of travel. The total number of route links 
in the city will be denoted by |W1| = d1. 

Since in general the routes cannot pass through all zones of the city iZ, then n1 n. The power of the 
set of direct links, in sufficiently developed networks of UPTs, considerably exceeds the power of the set 
of links on the SRN, that is, d1 >> d. 

The passenger during his movement also makes possible switches, which is due to the lack of direct 
links between all pairs of zones i and j of the city on the SRN. 

Basic parameters. Considering the movements picture in general, it can be said that the movement 
of passengers between the zones of the city is carried out along competing routes (4) in accordance with a 
specific strategy of behavior (5). It is possible to single out a number of basic parameters of the paths of 
movement, that affect son choosing them by the population during their travels. This is, first of all, the 
time of movement, which includes time for walking and departure from the beginning and end of the 
movement; time for switch, time of travelling on the TU, time of waiting for maintenance. The second 
most important parameter of the path of movement is a number of switches that has to be made during the 
movement. In addition to these two parameters, the size of the payment for travel, the comfort of the 
vehicle that carries out transportation, security, etc. are included in the characteristics of the travel path. 

The procedure for the free distribution of correspondence ij to the RNUPT is performed in 
accordance with (6). 

Let us consider in more detail the representation of the elements which form the travel paths hkij, k=
1, N , Nis a number of paths between the zones of the city i, j. Let’s give the definition of the basic 
elements of the movement path. The pedestrian link between zones i and j on the TN reflects the 
possibility of the corresponding type of movement, when the correspondence elements ij are 
implemented. The main parameter of such a link is the time of movement. We will denote the pedestrian 
(individual) travel routes by 

hИij = {i, j; tИij}; i, j = n,1 , i, j  Z ,                                                 (9) 

where tИijis the time of individual movement from point ito point j; tИij = , if between points i and j there 
is no possibility of walking in the TN. One can limit the possibility of walking movement, first of all, by 
allowable distance between the corresponding zones. 

Between the zones I and j on the TN, in the general case, there can be several individual links, so we 
will consider the set of individual links: 

HИ
ij: hИijHИ

ij.                                                                   (10) 
The individual relationship hИii = {i, i; tИii}defines the possibilities of get the route stops in zone i; 

tИiiis the average time get the TN stop in zone i, i=1, n , i Z. 
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The route link hM
k = (ik

, ik
)corresponds to a trip made by correspondence elements on a certain 

transport route - k without a switch, we will denote it by 

hM
k = {k, , ; tM

k},                                                            (11) 

where and  are the numbers of the initial and final zones of the k-th route; tM
kis the travel time on 

link(,)k. Let’s denote by HM
ij the set of all route links between zones I and j with use of all possible 

routes: hM
kHM

ij. 
The route-individual link between the zones of the city I and j is a link that is a combination of some 

route link hM
k, i = ik

and then an individual link hИj: 

hMИ
kj = {, j; tMИ

kj; k, , },                                                         (12) 

where tMИ
kij is time of movement on the route-individual link hMИ

kij;  and are initial and final indices of 
the points of direct route link(, )k; k is a number of the TR that performs the link (, )k. Walking 
movement is implemented between points and j, information about the possibility of such movement is 
given by the element hИjis an individual link between points and j. 

Let’s denote by HMИ
ij the set of all route-individual links connecting the zones I and j of the city in 

TN, i,j=1,n , i j; i,j Z. 
In general, between the zones i and j of the city there are several individual, route and route-indivi-

dual links. 
We denote the set of individual links between all pairs of points i and j by 

 


ji

И
ij

И HH
,

                                                                 (13) 

a set of route (direct) links between all pairs of points and by 





MM HH                                                                (14) 

a set of route-individual links between all pairs of points  and j by 


j

M И
j

M И HH
,

                                                             (15) 

Let’s denote the set of admissible movement paths between zones i and j with a given number of 

switches (of order p) by p
ijН . To determine such paths, we introduce a special operation for gluing 

together the paths - [10]. The non-transfer paths between zones i and j -
1
ijН  (p = 1) will be determined 

by gluing together individual and route-individual links: 
МИ
j

И
iij HHH  1 .                                                  (16) 

In case if we form the movement paths of s-th order between all pairs of vertices i, Z - s
iН  , we 

can obtain movement paths of orders+1by scheme: 
МИ
j

s
i

s
ij HHH   1 .                                                  (17) 

Thus, relations (16) and (17) define a recurrent scheme for obtaining movement paths between 
vertices i,jZof any order. For real transport systems, the permissible travel routes are of limited order. 
For example, for the UPT system, it is practically possible to consider paths of traveling above the 4th 
order (having three switches). We denote the higher order of the considered paths qм, then the whole set of 
movement paths connecting the vertices i and j is defined as 
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 



















Мq

S

S
ij

И
ijij HHH

1

 ,                                          (18) 

but the whole set of paths is 


ji

ijHH
,

                                                  (19) 

We now define the gluing operation by , used to form the movement paths in the city. To generate a 
database of transportation routes, the street-road network graph and information on the routes of the UPT 
are used. At the preparatory stage, the graphs of pedestrian and route-pedestrian links in the city are 
formed. 

Database of transportation routes. For the further formation of the database, a multigraph of route-
pedestrian links is used, the arcs of which are “glued together” with pedestrian paths, and then with paths 
of the first and any other order. Thus, the arcs of the movement paths multigraph are formed between all 
pairs of vertices corresponding to the transport zones of the city. The set of these arcs can be significantly 
limited, taking into account the actual behavior of the population of the city when traveling. First of all, 
the path of movement can be considered permissible if the number of switches performed on it is not 
greater than a certain maximum value of qМ. In developed urban transport systems, qМ can be taken as 
equal to two for cities up to a million inhabitants and equal to three for large cities. It is a quite justified 
requirement that the travel time tkij shall be different from the minimum possible travel time between 
zones I and j - tM

ijby not more than  times: tkijtM
ij. It is also necessary that the routes sequence used in 

the travel route is elementary (the UPT route numbers should not be repeated). The path shall also be 
elementary, however, pedestrian transitions within one zone are permissible. This means that the 
following equalities are possible: 

jqli qll    ,1,1,, 11  

Obviously, for the sequence ji qq ,,,...,,, 11  , we can formulate a number of other natural 

limitations that describe the processes of movement in a particular city and which are in fact constants of 
self-organization of the transport system of the city[4]. 

In order to obtain a set of arcs 1q
ijh , aggregates are taken and route-pedestrian links from the 

collection are attached to them. The gluing operation  can be defined as follows: 






























.

.),,,,,...,,,(

),,...,(1

),,,,,...,,;,,...,;1;;,(

);;;,(),,...,,;,...,;;;,(

11

1

111

111

otherwise

pathelementaryji

sequenceelementarykkktttqq

ifkkkqttji

ktjkkqti

qq

q
M
ijs

M

qqqs

qqqs

















                  (20) 

The final stage in the formation of a database of movementpaths is the unification of data on the paths 

contained in arrays of pedestrian, non-stop and other paths: 4321 ,,,, ijijijij
п
ij ННННН , and the creation of 

an array  ijНН  , records of which describe the arcs of the multigraph of links between the transport 

zones of the city. 
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Conclusion. The proposed method for describing the transportation process in a routed transport 
system, whose main element is formation of the database of transportation routes in the city, it makes 
possible to divide the modeling of the processes of servicing passenger traffic on routes. This, along with 
the developed queuing models on the route, allows to obtain more detailed characteristics of the 
movement processes in the transport system in comparison with the known methods. 
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КӨЛІКТІК ЖҮЙЕ БАҒЫТТАРЫНДА  

ЖОЛАУШЫЛАРДЫ ҮЛЕСТІРУДІ ТАЛДАУ ҮЛГІЛЕРІ  
 

Аннотация. Мақалада қаладағы жолаушылар көлігі маршрутында қызмет көрсету процестерін сипат-
тауға және жол қозғалысын басқаруды жақсарту туралы шешім қабылдауға қажетті қалалардағы қозғалыс 
процестерін сипаттауға арналған математикалық модельдер қарастырылады. Қалада жол жүретін барлық 
рұқсат етілген маршруттардың дерекқорын құру ұсынылады. Қаланың кез-келген аудандарының арасында 
көптеген бәсекелес маршруттар бар. Ұсынылған жолдарды қалыптастыру алгоритмінің мәні көліктік байла-
ныстардың типтік мультиграфтарын құру болып табылады. Әзірленген тәсіл маршруттар бойынша жолау-
шыларға қызмет көрсету процестерін модельдеуді ажыратуға мүмкіндік береді. Бұл маршруттағы жаппай 
қызмет көрсетудің дамыған үлгілерімен қатар, белгілі әдістермен салыстырғанда, көлік жүйесіндегі қозғалыс 
процестерінің сипаттамаларын алуға мүмкіндік береді. 

Түйін сөздер: қалалық жолаушылар көлігі, көлік желісі, маршруттық желі, маршруттық байланыс, қоз-
ғалыс бағыттарының мультиграфы, көліктік мәлімет алмасу, маршрутты таңдау стратегиясы. 
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МОДЕЛИ АНАЛИЗА РАСПРЕДЕЛЕНИЯ ПАССАЖИРСКИХ ТРАФИКОВ  

В МАРШРУТНЫХ ТРАНСПОРТНЫХ СИСТЕМАХ 
  

Аннотация. В статье рассматриваются математические модели для описания процессов движения в 
городах, которые необходимы для описания процессов обслуживания на маршрутном городском пассажир-
ском транспорте и принятия решений по совершенствованию управления движением транспорта. Предла-
гается создать базу данных всех допустимых путей движения в городе. Есть много конкурирующих марш-
рутов между любой парой городских районов. Предложен алгоритм формирования путей, суть которого 
заключается в построении типовых мультиграфов транспортных связей. Разработанный подход позволяет 
разделить моделирование процессов обслуживания пассажирских перевозок на маршрутах. Это, наряду с 
разработанными моделями массового обслуживания на маршруте, позволяет получить более детальные 
характеристики процессов движения в транспортной системе по сравнению с известными способами. 

Ключевые слова: городской пассажирский транспорт, транспортная сеть, маршрутная сеть, маршрут-
ная связь, мультиграф путей движения, транспортная переписка, стратегия выбора маршрута. 
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