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KaszakcmaH Pecniybnukacel ¥immbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonozausi xoHe
MmexHUKarbIK FbiribiMOap cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfFaH Hyckachl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapsaldel. byn uHdekcmerny
b6apbiceiHOa Clarivate Analytics komnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke kabbinday maceneciH
Kapacmbipyda. Webof Science sepmmeywinep, aesmopnap, 6acnawhbinap MeH MekeMmesriepee KOHmMeHm
mepeHdiei MeH canacbiH ycbiHalbl. KP YFA Xabapnapbi. [eonoeusi XeHe MeXHUKasbIK fblibiMOap
cepusicbl Emerging Sources Citation Index-ke eryi 6i30iH KoramOacmbiK YWiH eH e3ekmi xoHe 6edesnodi
2e0/102Us1 XKoHe mexHUKarbIK FbliibiMOap 6olbiHWa KoHmeHmke adanobifbiMbi30bi 6indipedi.

HAH PK coobuwaem, 4mo HayuyHbll xypHan «Mseecmuss HAH PK. Cepusi 2eonoauu U mexHu4eckux
Hayk» 6bin npuHsam 0ns uHlekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHol eepcuu Web
of Science. CodepxaHue 8 amom UHOeKcuposaHUU Haxodumcsi 8 cmaduu pacCMOMmpeHUs: KoMmrnaHuel
Clarivate Analytics Ons OanbHelweao npuHsmus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadyecmeo u eanybuHy KoHmeHma Ons uccriedosamesiel, asmopos, u3damesiell U y4pexoeHudl.
BkriroueHue Uzsecmusi HAH PK. Cepusi eeonozuu u mexHudeckux Hayk 8 Emerging Sources Citation
Index demoHCmMpupyem Hawy rnpueepXxeHHoCcMb K Hauboriee akmyarnbHOMY U 8/IUSIMEsIbHOMY KOHMeHmy
10 2e0/102UU U MeXHU4YeCKUM Haykam Oris Hauleeo coobwecmsa.
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GEOMETRIC MODELING
OF LAYING GEODETIC LINES
ON RULED SURFACES

Abstract. Geodesic lines find interesting applications during solving most tasks of the fundamental sciences
(mathematics, physics and other) and engineering practice. In differential geometry, the geodesic lines are typical
lines for determination of the inner properties of the surface. However, the formation of the geodesic line on the sur-
face envisages certain difficulties, and are solved generally by methods of the computing mathematics and descrip-
tive geometry.

In this article, the development of simple and convenient algorithm of formation of the geodesic line on ruled
surfaces are considered. In common case, the three-dimensional model of the geodetic line formation algorithm on
the ruled surface is expressed in following: the ruled surface we replace by sided surface, and at any position of the
consideredside, the intersection point of the geodesic line with the edge of fracture (curvature of the two-sided angle)
will be identified as the cross point of the adjacent generatrix with the surface of the cone of revolution — congruence
of geodesic line laying directions with the peak at initial point, rotation axis, incident to the considered generatrix,
and angle at the cone peak, equal to the doubled angle between rotation axis and geodesic line laying direction. Next,
as the initial parameters the adjacent with mentioned generatrix, upper determined point, laying on it, and direction
of the geodesic line — angle between section of the obtained geodetic and adjacent generatrix, are accepted. Thus,
multiply repeating the described cycle, we obtain mass of points, which composes the desired geodetic line. Hereby
the mathematic description ofthis algorithm is provided.

Key words: descriptive geometry; ruler surface; generatrix; laying direction; direction congruence; geodetic
line; point of intersection.

When solving many problems of fundamentalsciences (mathematics, physics, etc.) and of engineering
practice, the creation of a mathematical model of an object or process is reduced to the construction of
networks of special lines (curvature, asymptotic, geodesic, level, the maximum slope, etc.) belonging to
curved surfaces of objects, surfaces describing the dependence of "composition-property"”, etc. Families of
geodetic lines occupy a worthy place among them and have great theoretical and applied value.

In differential geometry, geodesic lines are characteristic lines for determining the internal properties
of a surface, and by drawing geodesic lines and measuring their lengths, you can determine all the internal
properties of a surface (for example, Gaussian curvature). This is explained by the fact that any
sufficiently small arc of the geodesic line represents the shortest line on the surface among all the lines
connecting the ends of this arc that can be drawn on the surface [4]. However, the construction of a geo-
desic line on the surface is a certain difficulty, which is solved mainly by methods of computational
mathematics and descriptive geometry.

In differential geometry the geodesic line is specified by differential equation of the 2™ order with
ordinary derivative [4]:
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d*u  , dw\® | dudv N
et h(q) 1 (Ga) (@) =0
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where T - Cristoffer’s symbols of the 2nd order. They expressed only through the coefficients of the first
quadratic form and its’ derivative.

From the properties of the differential equations, it is observed that through each point on each
direction one and only that one geodesic line permeates. Therefore, geodesic lines form the two-parameter
plurality. These parameters are determined from the initial conditions, which are specifiedas below:

- with point A(u,, v,) and direction t of curve(du/dt = p) in this point A;

- with two points A(u,, v,) and B(u,, vi),incident to that curve.

Problems solved with these initial conditions are formulated as:

1) build on the surface the geodesic line through the point in specified direction;

2) connect by geodesic line two points of the surface.

Differential equation (1) of geodesic line in common cases is not possibleto be integrated, even in
case of unarysurface, therefore it is solved mainly by numerical methods [4]. The technical surfaces in
general cases are constituent, therefore it is necessary to elaborate a simple and convenient algorithm,
designated for the geometric modelling of the geodesic lines on composite surfaces.

In the area of the applied geometry the rank of authors elaborated the graphic ways of solving the
problems of building the geodesic line on surface with usage of the descriptive geometry. These works are
G.E. Pavlenko [9], V.V. Vanin [2], IvanovaL.S. [6], Elkin L.M. [11],Kovalev V.N., Harchenko A.L [7],
Scheffers [12], Glagolev N.A. [5], Ryzhov N.N. [10] and others.

Known methods [2, 5-7, 9, 10-12] of building a geodetic line on the surface do not provide
thefulfillment of the condition of equality to zero of the geodetic curvature of the obtained line, and as a
consequence, the accuracy of laying a geodetic line in a given direction is not provided. Increasing
accuracy by reducing the iteration step results in a large amount of computing operations. Also,
insufficiently developed issues that take into account the features arising when overcoming the geodetic
line of points and lines of the junction of the compartments of composite surfaces. Therefore, one of the
components of the tasks of mathematical support of automation of some technological processes is the
development of algorithms that provide high accuracy of laying a geodetic line on the technical
(composite) surface.

In order to eliminate these shortcomings as much as possible, the author [13] proposed a method of
constructing a geodetic line on a technical surface based on the following property of the geodetic [4]: the
g line, described by the middle M of arc AB, is geodetic for a given surface F, if an infinitely small arc AB
of the curve 1 on this surface always moves "straight", i.e. the trajectories of movement of points A and B
have equal length and are perpendicular to the arc AB.

In the paper [13] it is shown that the proposed method of constructing a geodetic line has a significant
advantage. The main advantage of the developed method is a strict adherence to the specified direction of
laying geodetic, as well as the exclusion of unnecessary operations - construction of the involute. The
error of the method is accumulated only by the error of approximation of the arcs of geodesic triangle by
the corresponding line segments. Thus, the relative error of the method at the iteration step of 2 mm
amounted to 0.11%. With an increase of the iteration step to 3 mm, which for modern high-speed
computers is a relatively high value, the error of the method increased to 0.823%.

This article discusses the development of a simple and convenient algorithm for a particular case, the
construction of a geodetic line on ruled surfaces.

The linear surfaces, formed by move of the straight line through the specified law, make a largeclass
of surfaces of zero and non-zero Gausse’s curvature, which are unrolling and not unrolling. Solving of the
problem of construction of the geodesic line on unrolling surfaces comes to the identification of one-to-
one concordance between surface and its’ involute.Then the straight line, connecting two specified points,
is reflected in geodesic line on the surface. In case of non-developablesurface such method is inapplicable.
Therefore the elaboration of simple and convenient algorithm of construction of geodesic line on the ruler
surfaces is an important task. The developed method can be used not only for ruler surfaces. The

— 164 ——



ISSN 2224-5278 Series of Geology and Technical Sciences. 1. 2019

curvilinear surfaces can be approximated ruled lines for simplification of construction the geodesic lines
on them.

During the elaboration of the method the ruler surface was considered as approximated by sided
surfaces (exposed to triangulation), where the rectilinear generatrixes of the ruler surface — are the essence
of curvature of the sided surface.

Due to this, the method of construction of the geodesic line on the ruler surface was found on the next
property of the geodesic line [5]: in case of compound surface the respective angles of the adjacent arcs of
geodesic line to the junction line of composing ones are equal.

The proposed algorithm, based on the given property of geodesic line, consists of the following
operations:

We have ruler surface @, formed by move of the straightforward generatrix/ per the advanced
specified law. Let specify on this surface @ the initial point My,belonging to some generatrix/y. We know
also the initial direction ¢, of laying the geodesic line g, coming from the initial point My.Generatrix/ on
the surface @ in each its’ position is uniquely defined. Therefore, the choice or identification of the point
M location, belonging to that line, is not difficult.

In common case, the spatial model of the algorithm of the geodesic line construction on the ruler
surface, is expressed in following: when replacing the ruler surface by sided surface, at any disposition of
the considered side, the point ofintersection of geodesic line with the edge of fracture (curvature of the
two-sided angle)will be determined as the point of intersection of adjacentgeneratrix /;.; with the surface
of cone of revolution — congruence of directions #; with the peak in point M,, axis of rotation, incident to
the generatrix/; and to the angle at cone peak, equal to the doubled angle between axis of rotation /; and
direction # (figure).

L

Figure

Let imagine the mathematic description of the suggested algorithm.

Problem: it is required to determine the coordinates of points of intersection of the straight line with
the surface of cone.

Equation of the straight line in space, passing through the two specified points, is defined by the
formula:

= = ) (M

wherea = x, —x,b =y, —y;,¢c =2, — 7.
Equation of surface of the straight circular cone with peak at the origin of coordinates, while axis of
rotation coincide with the z-axis, is expressed by formula:

k?z? = x? + y? ()

where k = tgo, andp — half of the angle at peak of cone of revolution.
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Let solve the system of given equations. For this we express x and y by z

a b
X=X +E(Z_Zl):YZYI +E(Z—Z1)

and put in (2)

a a? b 2

k?z% = x? + 2;x1(z —zy) + Z(z —z1)%2+yi+ ZZyl(z —z) + c_Z(Z —7;)?
grouping the terms of the same name, we obtain the expressions for solving the quadratic equation
xz24+2Bz4+y=0
«= (a? + b?) — c%k?,
p=c (ax,+byy) -z;(a* + b?),
v = c2(x? + y?) — 2cz, (ax;+by,) +z2 (a? + b?).

—Bi,/ﬁz—wy

2«

Z12 =

For preparation of the mathematic provision for compiling the program of calculation on computer
the trajectory of geodesic line laying, we perform the analytic description of the proposed algorithm of
solving the problems in space.

For simplification of the analytical expressions, we execute the conversion of rectangular coordinate
system with transfer of origin of coordinates to the point M;of the sought geodesic line and superposition
of z-axis with generatrix direction /;OM;.

Formulas of conversion of the rectangular coordinates of the point in general case are expressed with
the help of Euler’s angles (y)—angle of precession, 8—angle of saltation, ¢p—angle of pure rotation)

x = xo + (cosypcosp — simpcosOsing)x’ + (—cosypsing — simpcospcosp)y’ + simpsind * z,
y = yo + (simpcos@ + cosypcosfsing)x’ + (—cosypsinh + cosycospcosp)y’ + cosysind * z,
Z = 7zy + sinfBsing * x' + sinfcosg * y' + cosf * z..

In our case the rotations are performed only twice, therefore all mathematic expressions are slightly
simplified.

x = xo + (cosyP)x’ + (—sinp)y’ + sinpsind = z/,
y = yo + (sin)x + (—cosysind + cospcospcosp)y’ + cospsing * z,
z=12zy+sind *y + cosf xz.

Since, the position of each generatrix/; is determined, then the Euler’s angles can be reckoned as
known.

_ (YB —YA)
Y =arctg m,
(ZB — ZA)

0= arcty  (XB — XA + (VB —YA)7

Thus, multiple repeating the described cycle, we obtain the plurality of points M;, composing the
geodesic line g.

Afterward, we assume the making of computer program and execution of calculations of geodesic
line laying on different ruler surfaces. Based on calculation results we can perform the comparative
analysis of degree of accuracy of geodesic line laying.
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H. C. Ymberos', K. K. Kana6aes', I'. C. UBanos>

M. Oye3oB atbiHgarel OHTYCTIK KazakcTan MemiiekeTtik yHuBepcuterti, Lllsimkent, Kazakcras,
’H. bayman aTbiHgarel Mockey MEMIIEKETTIK TEXHUKAIIBIK YHUBepcuTeTi, Mockey, Peceit

TY3Y CBI3BIKTbI BETTEPJAE 'EOJE3USAJIBIK CBI3BIKTAPbI
KYPI'Y3YAIH TEOMETPUSJIBIK YJII'TCI

AHHOTanmsi. ['eo1e3nsuIbIK ChI3BIKTAp TYOereini FeulbIMAap (MaTeMaTHKa, (H3HMKa XKoHe 0acKa) sKoHe MHKe-
HEpJIiK TOKIpUOEHIH KONTereH ecenTepiH MbIFapyia KbI3bIKTH KojaaHbic Tabanbl.Jnddepennuanisl reoMeTpusiia
Te0/Ie3USUIBIK, ChI3BIKTAp OCTTIH IMIKi KaCHEeTTepiH aHBIKTAWTBIH €peKIle ChI3BIKTAap OO TaOblIaasl. Anaiina Oepii-
TeH JeHeHIH OeTiH[e Te0/Ie3UsUIBIK CHI3BIKTHI TYPFBI3Yy KONTETeH KUBIHIBIKKA KEIM Tipeledi, COHABIKTAH HeTi3iH/e
ecenTey MaTeMaTHKACHI )KOHE ChI30a TeOMeTpHs dMiCTepiMeH MIeTTiIe .

YCBIHBUIBII OTBIPFaH Makajala Ieoe3HsUIbIK CBI3BIKTBIH TY3Y CBI3BIKTBI O€TTepAe TYPFBI3YIbIH KapanaibiM
)KOHE NaiiflalaHyFa BIHFAMIbl alropUTMi KapacThIpbLIFaH. JKajmel skarmaiina, reofe3nsuIblK ChI3BIKTBIH TY3Yy Chl-
3BIKTBI OETTEp/Ie TYPFHI3YAbIH AITOPUTMIHIH KEHICTIKTIK YITICIH Keleciiel TyKbIpbIMIayFa 00JIajibl: TY3Y ChI3bIKTBI
0eTTi KeIl >KaKThl OETIeH aJMaCThIPaMbI3, KapaCTHIPBUIBII JKaTKAH JKaThlH Ke3-KeNreH jKarAaibIHaa Ieole3HsIIbIK
CBI3BIKTBHIH ChIHY KbIPbIMEH (€Ki J)KaKThl OCTTIH OpTaK KbIPbl) KMBUIBICY HYKTECI KOPIII jKacaylbIHbIH aiiHaly KOHYC
OeTiMeH KUBUIBICY HYKTeci O0JIbIN aHbIKTaNaibl. by skepae aitHany koHyc Oeti - ToOeci OacTankbl HYKTe/Ie OpHaJac-
KaH, OCl arbIMJIaFbl XKacayllbl TY3yMEeH OeTTECKEH, re0Ae3UsUIBIK, ChI3BIKTHIH OarbITTaphIHbIH TOOBI. KoHyc Tebecinin
OyphINIBI aifHAITy OCi MEH I'e0/Ie3USUIBIK CHI3BIKTBIH OarbIThl apachIHAAFbl OYPHIIITHIH €Ki €CEeJICHIeH IIaMachlHa TEH.
Apbl Kapail KeplIi jkacaylbl OacTanKbl >Kacayllbl PeTiHJe, aHbIKTaIFaH HYKTe€ OacTanmkbl HYKTe peTiHae (Keieci
KOHyC TeOeci) KaOBUIIaHAIBl Ha, Keieci HYKTeHI Taly VIIiH KEeNTipuUIreH anropuTM KaWramaHaabl. Ochuraifmia,
JKa3bUIFaH LUKl KOIl PeT KaiTaiay apKbUIbl 134ENiHIeH T'e0Ae3UsUIbIK ChI3BIKTHI KYPANTBHIH KOIT HYKTEJIep JKUBIHBIH
aHBIKTaitMBI3. OCHI aTOPUTMHBIH MaTEeMaTHKANBIK jka30achl KENTipiireH.

Tyilin ce3aep: cb30a reoMeTpus; TY3Y CBHI3BIKTBI O€T; KacayIlbl, CHI3BIKTAPABIH OarbITHl; OAaFBITTapABIH
KOHT'PY3HIUSCHI; TE€OAE3USIIBIK CHI3BIK; KMBLIBICY HYKTECI.

H. C. Ymberos', XK. XK. I:xana6aes’, I'. C. HUBanos>

'FOxmn0-KazaxcraHckuii rocyiapcTBeHHbIi yHuBepcuter uM. M. Ayesosa, IlIsivkent, Kasaxcran,
*MOCKOBCKHil FOCYJapCTBEHHbIH TexHHueckuit yuusepeuter uM. H. baymana, Mocksa, Poccust

T'EOMETPUYECKOE MOJEJIUMPOBAHMUE ITPOKJIAJIKA 'EOJE3NYECKHUX JIMHUA
HA JIMHEMYATBIX IOBEPXHOCTSX

AHHoTanus. ['eone3ndeckre TUHUM HAXOIAT MHTEPECHBIC NMPHIOKEHHS MPH PEUICHWH MHOTHX 3agad (yH-
JIAMEHTAIBHBIX HayK (MaTeMaTHKH, (U3MKW M JIp.) U MHXXEHEpHOH npakTuku. B nnddepeHumanbHoi reoMeTpun
reoJe3nYCCKNUEC JIMHUU ABJIAIOTCA XapaKTCPHBIMU JIMHUAMU [JIA ONPCACIICHHUA BHYTPCHHUX CBOMCTB TMMOBEPXHOCTH.
OpnHako NOCTPOEHUE Ie0AE3UUECKON TMHUU Ha OBEPXHOCTH MPEACTABIISAET ONPEIEIICHHBIE CII0KHOCTH, PEIIAETCs B
OCHOBHOM METOJIaMH BBIUUCIIUTEILHON MaTeMaTHKY U HAUePTaTEIbHOI FEOMETPUH.

B crarbe paccmaTpuBaercst pa3paboTKa IIPOCTOro M yJOOHOTO aJlrOpUTMa MOCTPOEHHS T'€01e3MYECKOH JINHUN
Ha JIMHEHYATHIX MOBEPXHOCTAX. B o0meM cirydae, MpoCTpaHCTBEHHAs MOIEIH allTOPUTMAIIOCTPOCHUS Te0oIe3ndec-
KOM JIMHUU Ha JTUHEWYaTOUIIOBEPXHOCTH, BBIPAXKAETCS B CICAYIOIIEM: JIMHEHYATYIO IOBEPXHOCTh 3aMEHSIEM TPaHHOU
MTOBEPXHOCTHIO, TIPHU JIFOOOM PACIIONOKEHUN paccMaTpUBaeMOi TpaHM, TOUKA MEPEeCeUEHIs Te0Ie3NIECKOM ¢ pedpomM
n3noMa (JHHUS M3ruda OBYTPaHHOTO yriia) OyJeT OmpeneNaThesl KaKk TOYKa MepecedeHms] CMEXHON o0pasyromien ¢
MTOBEPXHOCTHIO KOHYCa BpaIleHHsI — KOHTPYIHIIMY HAMpaBJIeHUH MPOKIAIKN T€0Ie3NIECKOI ¢ BEPIIMHOIN B UCXO.-
HOW TOYKe, OCH BpallleHHs, MHIUACHTHON paccMaTpuBaeMon 00pa3yrome, 1 yriioM Ipu BEpIINHE KOHYyca, paBHON
YABOCHHOMY YIUIy MEKIY OCBIO BpalllEHUs U HAIPaBIECHUEM IIPOKIIAJKU reoje3nueckon. Jlamee 3a uCXOQHbIN Mapa-
METpbl IPUHUMAIOTCSI CMEXKHasi C pacCCMOTPEHHOM o0Opasyromiasi, ONpe/elieHHas BbIILE TOYKa, JieKalasi Ha Heil, u
HAIPABJICHUE T'COJC3UUCCKON — YroJl MEKAY OTPE3KOM IMOJYYeHHOW T'e0Ie3UYeCKON M CMEKHOU 00pa3yroliei.
TakuM 06pa3oM, MHOTOKPATHO TOBTOPSISI ONMMCAHHBIM IUKJI, OJIYYUM MHOXKECTBO TOYEK, COCTABIISIOIIEE UCKOMYIO
reoJIe3NUeCKyI0 TUHUI0. [IpuBOIUTCA MaTEMaTHUECKOE ONUCAHNE NaHHOTO aJITOPUTMA.

KiroueBble cjioBa: HauepTraresibHas TI'eOMETpHUs; JIMHeHYaTas IOBEPXHOCTh; OOpasylomias; HarpaBieHHe
MPOKJIAaIKA; KOHTPYJHITNS HANIPABICHUH; T€0Ie3NIeCKast JINHU, TOUKA TIePECCUCHHS.
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