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Analytics

NAS RK is pleased to announce that News of NAS RK. Series of geology and technical
sciences scientific journal has been accepted for indexing in the Emerging Sources Citation
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of
Science offers to researchers, authors, publishers, and institutions sets it apart from other
research databases. The inclusion of News of NAS RK. Series of geology and technical
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the
most relevant and influential content of geology and engineering sciences to our community.

KaszakcmaH Pecniybnukacel ¥immbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonozausi xoHe
MmexHUKarbIK FbiribiMOap cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfFaH Hyckachl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapsaldel. byn uHdekcmerny
b6apbiceiHOa Clarivate Analytics komnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke kabbinday maceneciH
Kapacmbipyda. Webof Science sepmmeywinep, aesmopnap, 6acnawhbinap MeH MekeMmesriepee KOHmMeHm
mepeHdiei MeH canacbiH ycbiHalbl. KP YFA Xabapnapbi. [eonoeusi XeHe MeXHUKasbIK fblibiMOap
cepusicbl Emerging Sources Citation Index-ke eryi 6i30iH KoramOacmbiK YWiH eH e3ekmi xoHe 6edesnodi
2e0/102Us1 XKoHe mexHUKarbIK FbliibiMOap 6olbiHWa KoHmeHmke adanobifbiMbi30bi 6indipedi.

HAH PK coobuwaem, 4mo HayuyHbll xypHan «Mseecmuss HAH PK. Cepusi 2eonoauu U mexHu4eckux
Hayk» 6bin npuHsam 0ns uHlekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHol eepcuu Web
of Science. CodepxaHue 8 amom UHOeKcuposaHUU Haxodumcsi 8 cmaduu pacCMOMmpeHUs: KoMmrnaHuel
Clarivate Analytics Ons OanbHelweao npuHsmus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadyecmeo u eanybuHy KoHmeHma Ons uccriedosamesiel, asmopos, u3damesiell U y4pexoeHudl.
BkriroueHue Uzsecmusi HAH PK. Cepusi eeonozuu u mexHudeckux Hayk 8 Emerging Sources Citation
Index demoHCmMpupyem Hawy rnpueepXxeHHoCcMb K Hauboriee akmyarnbHOMY U 8/IUSIMEsIbHOMY KOHMeHmy
10 2e0/102UU U MeXHU4YeCKUM Haykam Oris Hauleeo coobwecmsa.
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APPROXIMATE EQUATION PLATE OSCILLATION
FOR TRANSVERSE DISPLACEMENT OF POINTS
OF THE MEDIAN PLANE

Abstract. The materials used in building structures have elastic and viscoelastic properties, are anisotropic,
multilayer and other mechanical characteristics. Two-dimensional elements are components of many structures.
Construction of general and approximate equations of oscillations of a various kind of plane elements is an actual
problem in the development of theoretical bases of calculation of building designs and construction in general. These
problems include the objectives of improved models of non-stationary nature of the structures and their elements, the
materials of which are difficult mechanical, rheological properties inherent to various building designs under the
influence of various external factors.

Keywords: plate, oscillation, mixed points, dynamic motion, approximate equation, three-dimensional
problem, stress.

Let limitless in terms of plate thickness 2/, is below the surface of a semi-infinite medium at depth
(ho — hl). Put the plane XY in the median plane of the plate at z=0. Axis OZ to the right towards the

outer surface of the outer layer. Denote the layer parameters index" 1", the upper layer [—OO < (x, y) < 00;
h <z< (ho -h )] by the index" 2", and the lower half-space [— 0 < (x, y) <oy —hy <z< 0] - index" 3".

We assume that the materials of the upper layer of the plate and the grounds are homogeneous,
isotropic, show the viscous properties.

We introduce the potentials of o and ) transverse and longitudinal waves well-known formulas
i) = gradCD(l) +rotPY, (1)
()

where #"/ — the displacement vector points in the layer of the plate and the foundation.

In potentials oV and p) equations of motion of a layer of the plate and the foundation will take
the form of:

o' . ary!)
NZ(ACD(I)):,OZ P MI(A‘P(I))::DI—Z, 2
ot ot
where the operator N, is equal to:
N, =L +2M,,

o> o 9
A — three-dimensional Laplace operator; A = —+—+— L, M, viscoelastic operators.

ox~ oy oz
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The Helmholtz theorem, in the absence of internal sources of the vector potential‘i‘ of transverse
waves must satisfy the condition:

divi") =0 3)
a closing equation for finding four unknown potentials q)(l), ‘I’l(l),‘l’z(l), ‘P3(l).
Displacement, u,v,w deformation &; and strains in Cartesian coordinates through the potentials o

and ¥ the longitudinal and transverse waves are determined by the well-known formulas.
In [1] it is shown that the boundary value problem vibrations of the plate under the surface are
reduced to the integro-differential equations (2) with boundary and initial conditions: on the outer surface

(Z = ho)
o = fO(x,y,t), 0 = £ (x,p,0) )

on the contact boundary between the upper layer — plate (z = /A,)

o=c

zz zz O

@ o =0; 6@ =0; wh = @) 5)

JZz

on the boundary of the plate - foundation (z = —#,)

o) =)+ (s .t

zz

o) =0; o + [0(x,,1)=0;

W(]) — W(3) + ﬁ)(3)(x,y,t) (] — x’y) (6)
Furthermore, there should be conditions decay at infinity, i.e. at z — —o0
oV =0; ¢V =wP =ypH =0, 7

The initial conditions are zero, i.€.

0 oy
¢ ot

"5
(=13) =0 (j=123).

The task of the vibrations of the plate in a differentiable environment is reduced to the study of
equation (2) satisfying the boundary (4), (5), (6) and initial conditions (8).

In the study of oscillations of plate’s accurate three-dimensional problem is replaced by simpler, two-
dimensional points of median plane of the plate, which imposes limitations on the external conditions.
These restrictions are that external forces cannot be high frequency.

The above problem is solved with the use of Fourier X and Y Laplace at ¢.

In the work [1] found the General solution of the formulated three-dimensional tasks for zero initial
conditions and the General expressions for the displacement and strain.

S . o’ o (v
u) = Z {{(’1(2 '+ C,0,, ox’ jU O C\0,, ox + W (I)J} X

n=0 8)/

) 62 a aV(l) ZZn+1
- A -Do, ~— " -D,0, —x| s A | | —
} nzz(; {( 2 lan axz },1 lan ax ay 2 1 (271 +1)'

X

n
|

(2n).
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> ; 0? o (oUW
V(l) — ;{|:[/1(2 ) + C]an @}_Z)V(l)‘i‘ C]an 5[ ax + W(I)Jj| X
2
8
} Z{|:( Dana_)/ ) ( Dan y
1) ZZn+1 .
n+1)| ©)

i{[( ») +C0, A )/V +C0, A [6(8] )+8V(1)Hx
b

n=0 ay

22n+l 0 ( ) (1) (1) aUl(l) aV
Y —D -D
X (271 + 1)'} + nz(; {[(2’2 lanﬂ’Z )/Vl lan X ax + ay (27’1)

n-1
C = 1_%; 0, = Zi(,"_m_l) '/1(2'”); D =1 _M, where operators 21(1) and /1(21) are equal
1 m=0

1

2 2 2 2
O N a2 pm[ S ]oal A= 4 O 10
A’l |:101 1 [atz ] :|’ 2 pl 1 6t2 2 axZ ayZ ( )

oﬁ?Mr {(1 )z +CQ1,,(/12 —249)+8—2—a—2ﬂ
n=0 X y

ou 0> 92 .
X clgln(ﬂgl)—zzg%@xz—8y2j—(1+cl)zg>}x

o Lol < 0,0 (1)
x| ——+W L =—<+>412D,0,| A +— |+ ({1 +aD )A" |x
Oy (2n) 4= Oy

o T ) 2n+1
U 1+ eD )i 2D .0, a_}[ar/ + A0, >J} z }
x

Ay (2n +1)

i 0 i 82 82
O_J(»ly) =M, Z{|:(1+Cl)/1(2)+C1an[Z‘(ZI)_21(21)_ax_2+ 2}}

_nzO ay

(1) 2 2
xag {CQMK —22W - ;—2+;2J—(1+C1)/1(2")}x
Y X Y

oy ¥ z2 o2

X +W() + 1+2D 2,(”) +2D /1(" X
( 0x )} (2n) Z‘)H )20, ox”
aV(l) a aU (7) 22n+1

x L +{(1+D1) ") _2D,0,, }— + 20w, —}
oy oy’

Ox (2n +1)
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> afou® ar®
[ S oo -a)-ts e {2 20,
n=0

X oy

(ISR N CUN T i § LR

n=0

ou,” oV, !
x( - 8yj A+ 20,0, A } +1)}

n=0 Ox0Oy

ZZn © () 62 82 aU(l)
x + "+ DO, | A -+ L+

(2]’1)‘ ;{|:/ll 1Q1n 2 a 2 ayZ ay

o 0 2’ NELAR o 02w, Z 2
+| D,0,,| 45 - = + A" —‘—2D1Q1nﬂ X ;
ox? 0y dx dx0y (2n +1)
(1)
n=0

2 )
+ zg’*){(l —c ) -¢, ;;—ZHVM + [(1 + )+ 2¢,0,,A0 ILZVX } x

SR IO IR P
@en+1)| = Pooxr oy ) tEm o T

2n

)
-2D,0, ax -[p.0,, (20 - a) - 2 P }

(2n)

(1) 02
0 = c, 22V, + A% ou 20,0, A0 —+
Gyz |:z {[ [ an ] axay an a A2

2 )
+ /1(;)[(1 -c, )W -c, _aaxz HVU) +[2c,0,29+ 1+ )iy ow }x

0x
ZZn+1 aZ a
20 _ _ D L) V(l)_
(2n+l)} ZH( > ox? oy j Qr + AT

)
2DQMaV [po, (A -a)- %]aly}(z—n), (i

where unknown U (1), V(l),Wl(l) are the tangent and normal displacements of the points in the plane z =0

and points of median plane of the plate, U, 1(1),Vl(l),W(1) - value of derivatives Z transverse displacement
or values type of deformation (W(l) -deformation at Z =0).

Operators 21(2) ,/1(21) are two-dimensional integro-differential describing the propagation of longitu-
dinal and transverse waves in a plane z=0.

For finding the unknown U (1), V(l), Wl(l) U 1(1), Vl(l), W we have boundary conditions (4)—(6).
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Using the formulas (9) and (11) of strains and displacements substituting these expressions into the
boundary conditions (4) - (6) equations are obtained for determining the unknown functions that are
general solutions of the considered problem and describing oscillations of a three-dimensional
environment.

For the study of oscillations of rectangular plates in terms of the need to formulate boundary
problems.

Under the boundary tasks fluctuations limited plate in the plan, which is under the surface, means the
conclusion of the equation of oscillations of plates; the formulation of boundary conditions on the edges of
the plate and the initial conditions for the functions.

As a general equations of oscillations of plates obtained by the author [1] contain derivatives of any

order of the coordinates X, )/ and time , stacked on the structure and therefore are not suitable for

solving applied tasks and of engineering calculations.
For this purpose it is necessary to formulate approximate boundary value problems of oscillation.
In [2-5] is obtained approximate equation of transverse vibrations of the plate for transverse shift

VK(I) points of median plane of the plate in the shape of

2777(1) 4777(1) 2 ()
A e [ e a AT e alw ) ply) -0t

where Aj,P,d)(x, y,t) are equal to

4 = leilhl + ,OzNzi1 (ho —h );

3 P 2
4, :plz‘jul_l(Nl_l +3M1_1)%+,02N2_1|:p2]\72_1@—/%Nl—l d (ho2 hl)i|;

3

A, :|:(3—4M2N21)M—(2M1N1I)M}pzN ~2p,(3M —2N; )h3

ali—a v, Yor vy W =) A )

Pzglel{g h; |:p1(M +3N; {s;j 4[2%}2(}\41\/ Yo, Vs {gj ]h (hy —h)}
d)(x,y,t):{l—(3—2M1Nl )h2 A+(pM; {j:]hz {F + M fE {(MN l o, N5 {g; J(ho—hl)hl}

(13)
Reaction of the basis of P, is determined by the formula (13) includes both the velocity of the points
transverse displacement of the plane z =0 and the odd derivatives time.

A, = 41— v

Thus, the law of resistance P(Wl(l) ) (13) explicitly contains the parameters of the plate, foundation
and topcoat.

Despite the fact that the equation (12) is approximate, it is quite difficult. In the operators (13)
contains all the parameters and operators characterizing the mechanical and rheological properties of the
materials of plates - and the base layers and their thicknesses.

We derive the boundary conditions on the edges of a rectangular plate. For simplicity, consider a flat
edge x = const, the boundary conditions for easy record of the conditions forx = const, and for an
arbitrary curved edge of the known formulas through the boundary conditions at x = const, y = const.

Boundary conditions will display on the theory of thick platform or plates.
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Based on the boundary conditions on a surface of a plate z =/ or z = —h we obtain the dependence

(1)

of the quantities ul(l) , Vl(l), from transverse shift W"’.

) )
ulh = M, po W

ox oy

Rigid fixation of the edge x = const. As it is known from the theory of thick plates are two types of
such fastening

(14)

ul(l) = vl(l) = wl(l) =0 (15)
or
ul(l) = wl(l) = o"(l) =0 (16)
hinge-supported edge x = const .
For this fix also two ways of fastening.

vl(l) = wl(l) =o' =0 17)
or
Wl(l) — Uv(l) ol =0 (18)
Edge, free from strain.

For the free edge stringent conditions are

W _ 0 _ 50 _
O, =0, _O-xy =0. (19)
Rigid and hinged fixations are quite simple, and using the approximate formulas (13) and the
dependence (15), we obtain for the transverse displacement of the boundary conditions:
For rigid fixation

(1)
wo =M _g (20)
ox
For hinged fixation
2w
Wl = =0, @1

For the edge, which is free from strain, in the formula of- o take the first additive component | z,

and for o) the first two, as the first identical equation is zero due to conditions (15)

It is obtained
2177(1) 2777(1) 2777(1)
(2+3D, )% +(1+ D, ){2 aan - pM-l[%H =0

ox’ : ot
2177(1)
8—8)6{2AW1(” — pM ‘{%H =0 (22)
62[/[/(1)
excluding 8t21 in the second condition (22) from the first, we obtain
02w 02w (2w
(2+3DI)GT;+(1+D1) - L —pl+D)M™ 721 =0
63W(1)
il (23)
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(1) owW
=F (t), i.e. in the first approximation !
X

4
does not

0
The third of the conditions (19) gives

depend on y, and decide upon a solution to a particular problem.

The first additive component in (23) differs from the classical and the second matches. The first
condition (23) takes into account the deformability of the edge over time and d'Alembert principle similar
to the dynamics of a material point.

General initial conditions for the plate as a three-dimensional body are of the form:

au(l) 5‘,(1) aw(l)

o _,0_,,0_0. _ _ 0 _
u’=v’=w"'=0; = =0; (¢t=0). 24
ot ot ot ( ) ()
Using dependency (14) for movements have
1) 3
u(1)=—an Z+D1£AWl(1)Z—;
ox ox 6
(1) 3
W= b L awE (25)
oy oy

ow ] 22
w = 4| 2D, -1)Aw Y +(1- D, )pM_szl =
In the beginning let us consider the initial conditions from (24) for the movement. Then from the
expressions (25) we get

0)
Do Zamv-o
Ox Ox
0)
T Zamh-o 6)
y y
2177(1)
wl) = 0; oMo, 27)

or’
Differentiating the expression (25) and by using the second three initial conditions (24), we similarly
obtain

) sy
GVthl :6;? =0. (28)

Initial conditions (26) and (27) provide the necessary number of initial conditions for transverse shift

Wl(l) meets with the hyperbolic equation of fourth order in the coordinates and time.

In conclusion, it should be noted that the evaluation and conclusion initial and boundary conditions
for the plate under the surface completely coincides with similar initial boundary conditions for a free
plate, obtained in the works [1].

Thus, in the formulation of boundary value problems boundary conditions do not depend on the
presence of the upper layer and lower foundation.
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'KopkpiT ATa atisnars Kbi3buiopaa MemiuekeTTik yHusepeuteri, Kpisbiiopaa, Kasakcran,
’[1I. VanuxaHnoB aThiHnarsl Kexmeray Memyexertik yuusepcuteri, Kekmeray, Kasakcran

KOJIBEY BIFBICYJIAP KAFJAMBIHAAFBI )KA3BIKTBIKTBIH OPTACBIHJIA OPHAJIACKAH
HYKTEJIEP YIIIH IIVIACTUHA TEPBEJIICIHIH KYBIK TEHJEYI

AHHOTauMsA. Makayana CBIPTKBI dcepiep Ke3iHAe HMUITIII jKOHE TYTKBIP WUITINI TUTaCTHHATAPABIH JUHAMH-
KaJIBIK KO3FAJIBICHIH aHBIKTAY AIPUIAEpiH MaTEeMaTHKAIBIK TEOPUs TYPFBICBIHAH TYCiHAIpyre TannsiHFaH. OCBl Ke3Ka-
packa HerizjenreH (M3UKaJIbIK OCHCBHI3BIKTHIK MaTepHajiap TEHJEYJepiHe KaKbIHAAThUIFaH, 0ACTAIKbl aybICTHIPY
MEH KEpHEeYJIep/li ECKEPreH JKOHE €CKePYCi3 TYTKbIP UUITIINI IIaCTUHAIAP/IBIH OOMIIBIK XKOHE KOJIICHEH AiplUIaepiHiH
HaKThl TeHJEeyJepl IblFapburad. HakTel TeHAeylep HeTi3iHIe COoJ HeMmece olapliaH KeWiHri AQJiK Jopexeci 6ap
KerOip KyBIKTay TCHIIEYJIepi TallaHFaH JKOHE OJIap YIIiH MIEKapaIblK eCenTep KYPaCThIPhLUIFaH.

Tyiiin ce3aep: miacTuHKa, TepOeIic, apajac HYKTeJep, THHAMUKAJIBIK KO3FaJIbIC, XKYBIK TCHAECY, YII OJIIeM i
€cell, KepHey.

A. K. CeﬁTMypaTOBl, 3. T. CeiitoBa’, K. Kaun6aiiksisr', A. K. Cmaxanosa', M. C. Cepilcﬁo.ﬂ1

'KbI3bIIOpIMHCK NI TOCYAapCTBeHHbIH yHuBepcHTeT nM. Kopksit ATa, Keissutopna, Kasaxcran,
2K01<1ueTay01<1/1171 rocyaapcTBeHHbIN yHuBepcuTeT uM. L. Yamuxanosa, Kokmeray, Kazaxcran

INPUBJMKEHHOE KOJIEBAHUE IVIACTUHBI YPABHEHWA
JJIA IIONEPEYHOI'O CMEINEHUA TOYEK CPEJUHHOMU IVIOCKOCTH

AHHOTauusA. B Hacrosmiei paboTe MpeANpUHATa MOMBITKA U3J0KEHUSI MaTEeMaTHIECKOW TEOpHH KOJIeOaHMit
YIPYTOW MIIHM BSA3KOYIIPYTOH IUIACTHHKH JUIS U3Y4YEHUSI JUHAMHUYECKOTO UX IOBEAEHUS IPU HECTAMOHAPHBIX BHEIII-
HUX Bo3aeHcTBUsAX. Ha ocHOBE Takoro moaxojia BBIBEIEHBI TOUHbIE YPaBHEHUS MPOAOJIBHBIX U MONEPEYHBIX KOJe-
0aHuWil BS3KOYNPYIHX IUIACTUH C YYETOM M 0€3 ydyeTa HadaIbHBbIX CMEIIEHHH M HanpsHKEHHH, MPUOIIIKEHHBIE
ypaBHEHUs! (HU3MYECKOH HEIMHEWHOCTH Marepuasia. Ha ocHOBE TOYHBIX ypaBHEHHH MPOaHAIM3UPOBaHBI HEKOTOPbIE
BBITEKAIOIME M3 HUX NPHOJIMKEHHBIE YPaBHEHHUS C TOM WM MHOU

Ki1ioueBble cj10Ba: 11acTHHA, KoJieOaHUE, CMELIaHHbIE TOYKH, TMHAMUYECKas ABWKEHHE, TPHOIIMKCHHBIE
ypaBHEHHE, TPEXMEpHas 3aa4a, HalpsiHEHUE.
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