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MATHEMATICAL THEORY OF VIBRATION OF ELASTIC
OR VISCOELASTIC PLATES, UNDER NON-STATIONARY
EXTERNAL INFLUENCES

Abstract. In this work, attempt was made to present the mathematical theory of oscillations of an elastic or
viscoelastic plate to study its dynamic behavior under nonstationary external influences. On the basis of this
approach, exact equations of longitudinal and transverse oscillations of viscoelastic plates are derived with and
without allowance for initial displacements and stresses, approximate equations for the physical nonlinearity of the
material. For all problems, expressions are obtained for all displacements and stresses along the thickness of the plate
and basic boundary-value formulated problems that lead to longitudinal or transverse vibrations of the plate. On the
basis of exact equations some approximate equations that follow with some degree of accuracy are analyzed and
approximate boundary value problems formulated for them.

Key words: elastic, viscoelastic, nonstationary, oscillations, nonlinear, deformable, longitudinal, transverse.

Investigation of wave processes in restricted deformable bodies are reduced to complicated
mathematical problem, which is generally at the present stage can not be solved either analytical or
numerical methods.

Even for deformable media which is described by the simplest models, such as elastic and
viscoelastic media, many nonstationary problems have not been investigated and there are no methods to
solve these problems in accurate formulation. Therefore, many applied problems in various fields of
technology are solved on simplified models that reduce the spatial problems of dynamics to two-
dimensional or one-dimensional ones. Such simplified models are plates, rods and shells.

All naturally occurring environments on the nature of the dynamic behavior can be divided into
perfectly elastic and differential elastic.

. The first group includes environments of mechanical characteristics that are close to each other.
When studying dynamics and wave processes, such media can be considered as homogeneous medium
with averaged mechanical characteristics.

Hns  muddepeHunanbHO-ynIpyrux  Cpel  MEXaHHUYECKHE  XapaKTePHCTHKH, COCTABIISIONIHE
JIBYXKOMITOHEHTHYIO CPEy, 3HAUUTEIHHO Pa3INyaroTCcs APYT OT ApyTa.

For differential-elastic media, the mechanical characteristics which constituting the two-component
medium differ significantly from each other.

We shall consider two-component media consisting of two elastic components or from an elastic
porous skeleton and liquid filler.

We introduce the concept of the porosity of the medium.

The porosity of the medium will be denoted by a quantity determined by the formula:

Ko =V, 1V, (M
where - the volume of the second component relative to the first medium in a volume element as a
whole, V' - the total volume of the elementary sample.
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Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

We’ll assume, that KO = const.

The first type of two-component medium consisting of two elastic components is characterized by
different conditions of adhesion between them and in the general case of the stress-strain relationship, we
write in the form:

o) =0 0 o000 ,0) 0,00 L0 0.0 ,0) 0)

ij ij Ex »¢ €;,¢ 1¢z Xy 2Cyz29xz2%xy 2“yz o

R

where the index " 1 " refers to the first component, the index " 2 " - to the second.

The second type of two-component medium requires some explanation.

The term "pore" refers to a medium with openly communicating pores.

The connection between the constituent components of the medium will be considered imperfect, i.e.
The liquid component can not flow out of the medium.

Let the continuous deformable medium consist of two elastic continua with different mechanical

characteristics whose densities will be denoted by £ (j = 192) , the displacement vectors of the points.

Depending on the deformation stresses are [1]

o) =-a, +/Ile( ) +2,ulg() + 4 e +2,u35£2;

(0124

LY PV () 0 ). 3)
+0 26,5 + 21585,
2 ( (Zﬂ ) /,l /Ll3 af
1 1
Hot) - o) )=l i
for the first component,
1,2, .0 (2 ) ().
— +oy 2ur8 5 + 20585, )
2 ( aff ) /J y3 aff
L 2
E(O-gzﬂ) - G(ﬂog):ﬂs(hﬂa - haﬂ}
For the second component,
in this case take place depending
Hy = H3;
4 3 (5)
0{2 = 213 - 244
here &5, 12 M- elastic constants,
4 () aU(f)
) = 1 Y ; (j=12);
2 8,3 oo (6)

aUg) ( )
hop =——%
op aa
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N N0)

Where U (5/ ), U [(;j ) the components of displacement U vectors. Elastic mechanical
characteristics depend on both the porosity and the adhesion conditions between the grains that make up
the medium and are determined experimentally.

As can be seen from the dependences (3) and (4), the law of shear stresses does not hold, due to the
mutual influence of the environmental component and other factors.

The equations of motion in stresses are:

oo') 22y 22y
-Ng=p —+p -
op Yoar TR o
o5 a2y o2y @
o ~No=p—F+Pn 2a ) 7
op ot ot

where

N ®)

== +
= " e P 0a o o

a, o) ol GUS) 6U(g2)
= Pi TV -
V - diffusion coefficient, and take the values (X, y, z) in a Cartesian coordinate system, or other coor-
dinates (cylindrical, spherical, etc).
The quantities have the dimensionality of the density and are equal to:

P = Put P
Pr = Prut P
P=p+p, ©)

wherein
PuPxn — p122>0;
P12(0.

P12 - plays the role of an attached mass.
If we add the left and right sides of equations (7) and introduce the notation:

0'6(!123 + 0'33) = O'aﬁ, (10)
then, we can take
oo, Ul Ul
=P P + %) 2
op ot ot

i.e. the total stress depends on the acceleration of the particles that make up the two-component medium.
U(l) — U((ZZ)

In the case of continuous one-component medium ~ &

(11

, from (11) we obtain the known equations:

00 4 o%U,
=p—"; (12)
ot
W =Ug =U,)

Similarly, under conditions (12), the Hooke's law for isotropic homogeneous elastic medium is
obtained from relations (3) and (4).

_)
The equations of motion (7) are simplified by introducing potentials and longitudinal @ and ¥,
transverse waves.

— 257T——



Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

()

- -
U :grad(d;j +(r§)t lI’(j); (13)
X7 7 (1) 32 6
TJZ\PJ(\PJ LY )
the solenoidal condition must be satisfied
N
div?¥; =0 (j=12) (14)
In potentials @ ; u WV, the equations of motion (7) are reduced to the form:
0’d 0’ oD oD
AAND |+ B AD , = p,, —6t21 + P, 6t22 + v( th - 81‘2 j; (15)
0D 0’ oD oD
A,AD , + B,AD | = p, 8t21 t+ P 81‘22 - V[ 51‘1 - atzj; (16)
= - 0’ \?1 0’ \?2 8@1 5‘?’2
(ﬂl_ﬂs)A\Pl"'(ﬂl +/15)A\P2 = P o + P PYE -V ot - o ; (17)
. . W, 2%, oW, 0w
(,u1 —/15)A‘I’z+(,u1 +15)A‘P1 = P, e + Py e +v FYR—— ; (18)
where A - three-dimensional Laplace operator,
_ j P22 |
Yol
Ly :|:/1j+1 +204 +(=1)/ 1102} (19)
and constants A j» M j must satisfy the inequalities [3]:
4,54, ;t(Blz;Bzzl
(4 + 1, YAy + 11)) = (B + 413 %0
1 T NAy T ) 1,2 T 43
2,
My # 135
(A + 20 Ny + 122) % (A5 + 123 A + 114
In the absence of diffusion, i.e. for v =0, in the equations (15), (16) and (17), (18) we set
D =p; O©,=yp;
@121/715 qu:&/f (20)

Substituting (20) into equations (15.) - (18.), to determine and obtain algebraic equations;
(Blp22 - A2p12 )72 + [(Bl - Bz )p12 + (Alpzz - Azpll )]7/ - (_ A1p12 + szll ) =0; (21)
[(,U3 + 45 )pzz - (ﬂz — A )plz ]52 + [(/ul + 4 )pzz _(,uz - As )pll ]5 -

- [(:U3 + 4 )pn - (/"1 —As )plz] =0

As it can be seen from equations (21) and (22), they have two real roots, which we denote by

("> 72)and(51:52 )-

(22)
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Hence, by the principle of superposition can be put;
D) = + @3
D©y = 4o + 4,03
- - >

(23)
Yi=y ,+ty,;
- - -
Yi=0\y,+0p,;
And for @ u /| we obtain separate wave equations:
2
1 9%, : 24
Ap; =——; j=12 (24
/ ajz- or? ( )
ag=-L Ve (1) @9)
b; ot
while generalized velocities a;, b; longitudinal and transverse waves are equal:
A +y:B Ay +B
a]2.: 1 7/] 1 _ 27/] 2 : (]:1,2)
PutTViPr2 P2tV iPn
(26)
b2 — (ﬂl —/15)“‘(/13 +/15)5j _ (/12 _/15)5j +(,U3 “‘/15),
! P t7iP2 P2 T7;iPn
(j=12)

In the presence of diffusion, the system of equations (15) - (18) does not reduce to separate equations
of the type (24) - (25).

Let us consider a porous elastic medium with liquid filler with an imperfect bond between the elastic
skeleton and the reservoir.

Dependencies between strains and stresses are more conveniently written in the form

O op =21E 45 + 8,5 (Ae + 0y ); 27)
o=0&s+Rey; o0=-RK,
where &, 5 deformation of the skeleton.
E=Ey =&y, =&,

£y — volumetric deformation of liquid filler; A, 4, O, R — mechanical characteristics of a two-

component medium; P — pressure in the liquid component.
There are types of the equations of motion in stresses:

o _, o2yl , o*u)

op T At s (28)
870':1012 LZUS) +p azU((lz)
op ot? 2 o

wherein « and [ run through values in the Cartesian coordinate system and dependencies (x, y,z) and
dependencies must be fulfilled (18).
Equations of motion (28) are simplified by introducing potentials @, \i‘j by formulas (13), wherein

—

Y j must satisfy condition (14).

In the potentials of equation D, I_Pj motion (28) are reduced to the form:
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oD, oD,

(2 +2u)A0, + 00, :,;711 8t2+'zlz PR 29)
o0°® o°d

OA® | + RAD, = py; ?Zlﬂl?zz ?22

2\ A2 23
X7 ,0111922—/012)a b ol oY,
HAY =( +p ;
2_)1 /0222# 8t2 = 6t2
oY, _ P2 oY

atz P2 atz ’

3

b

thinking
D, =9p; O, =yp (30)

and substituting (30) in the first two equations (29), we obtain y the following equation for the deter-
mination:

72 +(/1+2ﬂ)/022 —Rpiy _ puQ—(A+2u)p;, =0 (D
P2Q— piR PO~ PR

which has two real roots )| u ¥, . Consequently,

D =0 + 0,3 C, =710 + 720, (32)
and potentials ¢,,®, satisfy the wave equations:
2
1 979,
Ap, =220 (1) (33)
J 2 2
a; ot
where the generalized velocities a; are:

T pn T P1Y; ’

The last two of equations (29) can conveniently be reduced to the form:

2 J —
Ay = LM g Py (33)
b ot? P2
wherein
pro_ MPm . (36)

2 b
P11P2 ~— P12

In the generalized potentials, the values of displacements will be written as:

(1) (1)
U)gl):é((ﬂl JF(Pz)JFL‘P3 _8‘;’2 ;

ox Z
ovr®  awl
oz

P
U = (10, +7,0,)+
o g
1
ol owl)

Oz ox

2

0
U)(;l):ay((ﬂl +y)+

>
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5 owl? ¢
UY = Z (0, +710y) 4 —— -3,
0z ox

” 0 pp)
0 o, ow
U= (p +9,)+—2 -1
z oz ((01 %) ) Ox ay
0 ovl)  owl
UW == (110, + 720, )+ —2— - ——; (37)
oz ox oy
For a two-component elastic medium with v =0
lIJi(j) =6, lIJi(j) + 6, \Pi(j) (38)
and for two-component porous mediuma
w2 __ P12 () (39)

i i
P22
The deformation and stress of two-component media are determined through the displacement (37)
according to the known formulas and generalized Hooke's laws (3), (4) and (27).
Plane generalized stress state is used in the study of wave processes in bounded media such as plates.
It is approximately formulated under the condition that the unknown quantities are independent of the
transverse coordinates z ,i.e. when

Ulz = UZZ ~0 (40)

In this case from (27)

Q
&, =— Ey TEW )+ & (41)
zz {ﬂ+2ﬂ(xx yy) 1+2,u 0

and relations (17) have type:

o 4p(A+ ) e b A o 20
(A+2u) (A+2u) (A+2u)
2ul 4,u(/1 + u 2uQ (42)
O E &yt €0
(4 +82#) (2+24) (A +24)
Oxy = HExys
O'iQ8+yR80;

wherein:

0) , 0.

E=Ex T &y Eg =&y TE));

_ Uy, _ou, aou,,

& XX 2 8)(
Ox Yoy ox
0 _9Ys. (0_9U,,

for T o B oy

(43)

>

We write the equations of motion in the form:
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8 do 0°U o°U
Tur 2 = P11 21 +P12722;
ox oy ot ot
0oy 0oy 0, 9%,
o Y =P o P22 7&2 ) (44)
do o%U, o*U,
T Pr_5; TP2 ;
o T g2 o’
8£ =p 82U1 + P 62U2 .
ay 12 atz 22 atz ”
Equations (44) can be reduced to a system of wave equations, assuming;:
U — % + ai . = aﬂ + ale
T oo dy 27 ox oy
(45)
Vlz%_é\l’l; szé(pz_a‘l’z;

oy  Ox oy ox

The model of the simultaneous generalized stress state is used in the study of one-dimensional waves
in bounded media such as rods of rectangular cross-section.
The theory of transversally isotropic prestressed porous two-component medium is formulated for an

infinite layer of finite thickness that is in space (x, ¥, Z) , and the medium is bounded on the coordinate.

On the basis of the mathematical theory of oscillations of elastic or viscoelastic plate under
nonstationary external actions, exact equations of longitudinal and transverse vibrations of viscoelastic
plates are derived with and without allowance for initial displacements and stresses, approximate
equations for the physical nonlinearity of the material. For such problems, expressions are obtained for all
displacements and stresses along the thickness of the plate and basic boundary problems are formulated,
leading to longitudinal or transverse vibrations of the plate. On the basis of exact equations some
approximate equations that follow from them with some degree of accuracy are analyzed and approximate
boundary value problems are formulated for them.
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A. K. CeﬁTMypaTOBl, M. H. Pama3zanos’, H. K. Mezleyﬁaelz2 , B. K. Kaanes'

1KopKHT Ara arerHIarsr Ke3soiopna MmeMiiekeTTik yHuBepenteti, Kessutopaa, Kazakcran,
’E. bokeToB aThiHIarsl Kaparansl MemiekeTTik yausepenreti, Kaparanssl, Kasakcran

CTAIOMUOHAPJIBIK EMEC IIIIKI OCEP KE3IHAEI'T KATTBI HEMECE
CO3BIJIMAJIBI-KATTBI INTACTUHKAJIAPIBIH MATEMATHUKAJIBIK TEPBEJIIC TEOPUSACHI

AHHOTanusi. by )xymbicTa aBTOp CTal[MOHAPIIBI €MeC CBHIPTKBI acepiep Ke3iHAe Ml jKOHE TYTKBIP HiTimI
TUIACTUHAJIAP/ABIH TUHAMHKAJIBIK KO3FaJIbICHIH aHBIKTAy AIpUIAEpIH MaTeMaTHKAaJbIK TEOPUs TYPFBICBIHAH TYCiH-
nipyre TanneiaFaH. Ochl K@3Kapacka Heri3fenreH (Gpru3nKablK OeHChI3BIKTHIK MaTepHaiap TeHAeYyIepiHe KaKbIHIa-
TBUIFaH, OACTAIKBI ayBICTHIPY MEH KepHEYJIEpl eCKepreH jKoHe eCKepyci3 TYTKBIP Ml TUIaCTHHAIAPIBIH OOMIIBIK
JKOHE KOJIJICHEH AipUIIepiHiH HaKThl TCHIEYJepl IbFapeirFad. [[macTuHamapaplH KaTbIHIABIFE OOWBIHINA OapIiTbIK
KEpHEY MEH aybICTBIpYJIap VINIH €CEeNTep KapacTBHIPBUIFAaH JKOHE A€ IUIACTHHANAPIBIH OOIMIBIK JKOHE KeJIeHEH
IipimgepiHe ajpIl KeNeTiH HEeTi3ri MIeKTIK ecenTep KypacThIpbUIFaH. HakTel TeHIeynep HeTi3iHae coll Hemece
onapaaH KeHiHTi JONIIK Iopexeci Oap Keibip KybIKTay TEHACYIEPi TATJaHFaH KOHE OJlap YIIIH IIeKapalbIK ecenTep
KYPacTBIPbUIFaH.

Tyiin ce3nep: ynpyruii, BI3KOYNpYyTHii, HECTAMOHAPHBIM, KOJeOaHUs, HETMHEHHBIN, 1eOpPMUPYEMBIH, MPO-
JIONBHBIN, TIOTIEPEYHBIN.

A. XK. Ceiitmypatos', M. U. Pama3zanos’, H. K. Meaey6aes’, b. K. Kaanes'

'KBI3bLTOpIMHCKHIT FOCY IapCTBEHHEIH yHIBepeuTeT uM. KopksiT Ata, Kei3sutopaa, Kaszaxcran,
*KaparanIuHCKHii TOCyIapCTBEHHBII yHHBepcuTeT MM. BykeroBa, Kaparana, Kazaxcran

MATEMATHYECKASI TEOPUS KOJIEBAHUM YIIPYTUX WM BA3SKOYIIPYTUX IJIACTUH
NP HECTAIIMOHAPHBIX BHEIIIHUX BO3AEUCTBUAX

AnHoTanus. B Hacrosmeit paboTe mpeampuHATA MOMBITKA M3I0KEHUS MaTeMaTH4eCcKOM Teopuu KoneOGaHuit
YOPYroil WM BS3KOYNPYTroW IUIACTHHKH ATl M3Y4eHHsS OUHAMMYECKOTO MX IIOBEJCHUS IPH HECTALMOHAPHBIX
BHEIIHUX Bo3JeiicTBUAX. Ha ocHOBe Takoro moaxojia BhIBEJCHBI TOYHBIC YpaBHEHUS NMPOIOIBHBIX U MONEPEUHBIX
KoJIeOaHUH BSI3KOYNPYIUX IUIACTUH C y4eTOM M 0e3 yueTa HauyaJlbHBIX CMEIICHHH M HANpsDKEHHWH, MPUOIMKEHHBIE
ypaBHeHUs! (PU3NUECKON HEMTMHEHHOCTH MaTepuana. [l Bcex 3a/1ad MOJTyYeHbl BBIPAKEHUsS U1l BCEX CMEIECHUH U
HalNpspKeHUH 10 TOJIIMHE TUTACTHHKH M COPMYJIMPOBAHBI OCHOBHBIE KpaeBbIE 3a7adM, MPUBOJIIME K MPOJOIb-
HOMY WJIM TIOTIEPEYHOMY KOJIEOaHMsIM TUIaCTUHKKM. Ha OCHOBE TOWHBIX ypaBHEHHH MPOAaHAIM3UPOBAaHBI HEKOTOPHIE
BBITEKAIOIE U3 HUX NPUOIIKEHHBIE YPaBHEHHUS C TOW WJIM WHOHM CTETIEHBIO TOYHOCTH M C(OPMYIHUPOBAHBI IS HUX
pUOIKEHHBIE KPaeBbIe 3a/1a9H.

KuroueBsle cjioBa: ynpyTuii, BA3KOYIPYTHHA, HECTAITMOHAPHBIN, KOJIeOaHSI, HETHHEWHBIN, 1e()OPMIPYEMBIiA,
MIPOJOJIbHBIM, TOTIEPEYHBIH.
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