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MODIFICATION OF THE QUASILINEAR CONTROL SYSTEM  
OF BIOMEDICINE 

 
Abstract. The stability of the respiratory сhemostat on a finite time interval was studied and the task of stabi-

lizing the biomedical system of the respiratory сhemostat for linear and quasilinear control systems was solved. The 
study of such regulatory processes in the body plays an important role in the development of technical life support 
systems, and this applies not only to the voltage regulating system of the of carbon dioxide and oxygen (the "respi-
ratory chemostat" system), but also to a number of other vital systems. First of all, this refers to the "cardiovascular 
сhemostat" system, which, as a biological self-regulation system, has the task of washing the tissue reservoir with 
fresh blood at such a rate as to maintain the voltage of carbon dioxide and oxygen in tissues at normal or near levels. 
This is a complex hydrodynamic system of biological self-regulation, the numerous parameters of which are under 
continuous influence of various kinds of control signals, which in turn depend on external conditions relative to the 
organism and perturbations. The regulating regime of this system is continuously subjected to sharply and suddenly 
changing external influences, which have an extreme character. 

Keywords: respiratory chemostat, control system, biological system, finite interval, stability. 
 
The problem of the stability of the medical and biological system is one of the main problems of 

system analysis, mathematical ecology and biomedicine. The task of synthesizing vector control from a 
given class for a managed medical-biological system and population dynamics of a community with self-
limiting by mathematical models is represented in the form of quasilinear equations. The models of 
biomedicine are considered and the quasi-linear control system of the respiratory chemostat on a finite 
time interval is investigated. 

Changing I
COF

2
, we act on an isolated controlled system, it behaves like a simple linear system with 

constant coefficients. Concentration of )(
22

I
COFCO  functions as a direct driving force. When the respira-

tory center affects the controlled system, this effect is manifested through ventilation .AV  When consi-
dering the behavior of the chemostat in the steady state, we assumed for convenience that the input signals 

of the control system are determined by the levels of ][,2
HpCO  and 2pO  in arterial blood [1].  

Receptors are really located on the path of arterial blood, but proceed only from the fact that in each 
particular considered steady situation the values of these parameters are closely related to their effective 
values in those places where the real receptors are located. 

Let us consider the time course of pulmonary ventilation and changes of 2pCO  in arterial blood with 
a sudden change in the concentration of carbon dioxide in the inspired air. 

To simplify the analysis, we introduce a number of additional assumptions: 1) the lungs are a 
reservoir of constant volume vented by a continuous gas stream with a dead space equal to zero, and with 
a uniform composition; 2) the respiratory coefficient (RQ) at each moment of time is equal to one;                   
3) transport delays in the transfer of blood are negligible; 4) the respiratory center and other tissues are a 
homogeneous reservoir, washed by a constant flow of blood; 5) arterial blood, venous blood and "tissues" 
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are characterized by the same linearized absorption curve CO2; 6) the partial pressures CO2 in the exhaled 
air and in the alveolar air and the tension CO2 in the arterial blood are always equal to each other, as well 
as the stresses CO2 in the "tissues" and in the venous blood; 7) the control system is a simple inertial-free 
(that is, does not contain dynamic elements) proportional regulator. 

To obtain equations describing the dynamic behavior of the biomedical system, we use the same 
general principles of equilibrium and continuity, on which Newton's Laws of motion and Kirchhoff's laws 
for electric circuits are based. We start with the pulmonary or alveolar reservoir and write down the 
"continuity equation for carbon dioxide", which states that the rate of change in concentration of CO2 in 

the alveolar gas A  is equal to the quotient of dividing the difference between the rates of intake and 
washing out of carbon dioxide by the volume of the reservoir KA [1]: 

][
1

2132
qqqFV

K
I

COA
A

A                                                        (1) 

Carbon dioxide enters the lungs with inhaled gas at a rate equal to the product of pulmonary 

ventilation by the concentration of I
COF

2
in the inspired air, and with venous blood at the rate 3q , and 

leaves the lungs with exhaled air at the rate 1q  and with arterial blood at the rate 2q . Next, we will write 
down another equation of continuity for the tissue reservoir: the rate of change in the concentration of 

carbon dioxide in the tissues ( A ) is equal to the sum of the rates of formation of CO2 during the exchange 

(MR) of CO2 with arterial blood flow ( 2q ) and leaching of CO2 with venous blood ( 3q ) divided by the 

volume of the tissue reservoir КТ: 

].[
1

32 qqMR
KT

A                                                           (2) 

Let us write down three equilibrium equations. 
The first of them reflects the equality of concentrations of carbon dioxide in the alveolar and exhaled 

air: 

.2

A
A V

q


                                                                        (3) 

The second equation describes the equilibrium of concentrations of CO2 in the alveolar air and in the 
arterial blood, taking into account the linearized CO2 absorption curve: 

,)(2
iAS ABA

Q

q
                                                                (4) 

where Q minute volume of the heart, B - atmosphere pressure, AS and Ai - respectively, the slope of the 
linear absorption curve and the ordinate of the point of its intersection with the ordinate axis. 

The third equation expresses the equality of carbon dioxide concentrations in tissues and venous 
blood: 

.3

Q

q
T                                                                          (5) 

To study the behavior of an isolated controlled system, it is necessary to solve this system of 
equations. There are different ways for this, but in any case, we should, first of all, choose which of the 
five dependent variables is considered the output (or outputs) of the system and which of the nine 

independent variables ( iSTA
I

COA AABQKKMRFV ,,,,,,,,
2

 ) is considered to be the input (or inputs) of the 

system. We choose the variables T  and A  as the outputs of the system, and as the input - )(
2

tF I
CO . 

Thus, we assume that the variables STAA ABQKKMRV ,,,,,,  and iA  do not change with time. Combine 

the five obtained basic equations so as to get a differential equation with respect to one of the dependent 
variables, T  or A . So, if we solve equation (3) relative to 1q , (4) - relative to 2q  and equation (5) – 

relative to 3q .  
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Substituting these values into equations (1) and (2), we obtain 

)]()([
1

2 iASTA
I

COA
A

A ABAQFV
K

                                           (6) 

and 

)]([
1

iAST
A

A ABAQMR
K

  .                                                (7) 

Solving equation (7) with respect to A , we obtain 

)](
1

TiTT
S

A QQAMRK
QBA

   .                                             (8) 

The differentiation of (8) gives 

)](
1

TiTT
S

A QK
QBA

   .                                                        (9) 

Substituting (8) and (9) into (6), we obtain the required equation relative to T : 

.)(
2 i

A

SI
COSTT

T

A

ST

A

A
Т

A

TA A
Q

MR

V

MRBA
tFBA

Q

K

V

BAK

V

K

VQ

KK


















         (10) 

Having obtained the equation with respect to T , we can find A  in several ways. From equation (8), 

find the expression for the concentration A , substituting in (8) the expressions for T  and T . But there 

is another method of determination A , analogous to the method used to derive equation (10) with respect 

to T . It consists in the fact that equation (6) is solved relatively to T , the result obtained is differentiated 

(in this case, an expression for T  is obtained) and the expressions for T  and T  in equation (7) are 
substituted. The equation derived in this way has the following form [5]: 

2 2
( ) ( ) .I IT SA T A T T

A À À CO CO
A A A A

K BAK K K K K MR
F t F t

QV V V Q Q V
  

 
       
 

  
                    (11) 

Equations (10) and (11) describe the behavior of an isolated controlled system under the assumption 

that the driving function is the concentration of carbon dioxide in the inspired air )(
2

tF I
CO . We solve these 

equations with respect to )(tT  and )(tA  for the case when )(
2

tF I
CO  represents a jump with amplitude             

( )(
2

tF I
CO )1. To solve these equations, we apply the classical method or the Laplace transform method. 

The control system should be a "simple proportional regulator that does not contain dynamic 
elements". We suppose now that the same relation can be written in such a way that the concentration T  
is included in it, and that it is valid for both transitional and steady-state conditions. We write down the 
equation of the control system in the following form: 

  .ArTiTpA VkV                                                            (12) 

In this equation Ti  - preset value, ArV  - bias signal. The gain of the proportional regulator is pk .  

Equations of motion (12) can be reduced to the following form, assuming Ty  : 

FKy
dt

dy
R

dt

yd
M 

2

2

,                                                         (13) 

where 

.)(   ,1   ,   ,
2 i

A

SI
COS

T

A

TS

A

A

A

TA A
Q

MR

V

MRBA
tFBAFK

Q

K

V

KBA

V

K
R

VQ

KK
M 


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The angular frequency: .
12

1

MM

K
n 






  

Attenuation factor: .
2)(2 2

1 M

R

KM

R
b   

Consequently, the equation (13) takes the form: 

FF
K

y
dt

dyb

dt

yd

nn







121
2

2

2 
,                                             (14) 

or 

Fy
dt

dy
b

dt

yd
nnn
22

2

2

2                                                      (15) 

with boundary conditions  
0)(         ,)(       ,)0(         ,)0( 10  TyyTyyyyy T  . 

Using the change of variables 

Tyyx   
we have that 

uyFx
dt

dx
b

dt

xd
Tnnn  )(2 22

2

2

 , 

where 
).(           , 2

1 Tn yFuxx    

This differential equation in the Cauchy normal form takes the form: 








uxbxx

xx

nn 21
2

2

21

2 


                                                       (16)  

with boundary conditions 

.0)(

,0)(

.)0(

,)0(

2

1

1202

0101






Tx

Tx

yxx

yyxx T

                                                          (17) 

In the vector-matrix form: 
0)(        ,)0(            , 0  TxxxBuAxx , 

where 





























 u
x

x
xB

b
A

nn

       ,      ,
1

0
    ,

2

10

2

1
2 

 scalar. 

Fundamental system 

ÅÔtAÔtÔ  )0(    ),()(  
is represented as:  

.
222

10

2212
2

2111
2

2221

2221

1211
2

2221

1211





































ÔbÔÔbÔ

ÔÔ

ÔÔ

ÔÔ

bÔÔ

ÔÔ

nnnnnn  


 

Hence we have 
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















,2

,

,2

,

222112
2

22

2212

2111
2

21

2111

ФФbФФ

ФФ

ФbФФ

ФФ

nn

nn













                                                (18) 

1)0(        ,0)0(           ,0)0(        ,1)0( 22122111  ÔÔÔÔ . 

Next we get 

02            ,02 12
2

121211
2

1111  ÔÔbÔÔÔbÔ ònòn   .                       (19) 

We note that the disturbance )(
2

sF I
CO  is the direct driving force for the controlled system, and the 

control value )(sVA
  excites the system due to parametric influence. The latter is the source of the 

nonlinearity of the system, as can be verified by substituting the equation (6) in (19). 

We obtain the following equation of a closed system with respect to T : 

,2   TTTTTTa                                                  (20) 

where 

,
Qk

KK

p

TA  

,
Qk

VK

Q

K

k

BAKK

p

ArTTiT

p

STA






  ,

Q

KT  

,
2 i

I
COSTi

p

Ar A
Q

MR
FBA

k

V
 


 

.
2 





















 i

I
COSTi

p

Ar

p

S A
Q

MR
FBA

k

V

k

MRBA 


 

The equation (20) is a nonlinear differential equation, since it contains terms of the second degree 

TT  and 2
T . Since AV  is a linear algebraic function of T  concentration (equation 6), then the equation 

of a closed system with respect to AV  in the form would be identical to equation (20). Relatively to A , a 
complex nonlinear equation can also be obtained [2]. 

Let us consider the stabilization of the motions of the quadratic system (20) on a finite interval of 
time [ 4]. 

We denote 
rAVu    as control 

,

,1        ,       ,             ,

,

21

11121

21

u

u

u















 

where 
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).(
1

,

)(

,             ,
1

,          ,

2

1

21

21

i
I

coS
p

i
I

coST
p

S

i
I

coST

p

p

T

TT

p

STA

A
Q

MR
FBA

k

A
Q

MR
FBAQ

k

MRBA

A
Q

MR
FBAQ

K

Qk

KQ

QK

k

BAKK

i

i

i































































 

 

Then,  

.211
2

21221 uuu TTTTTTTT                              (21) 
We consider, 

.0)(    ,)(   ,)0(    ,)0(

.

,

1
0
0

211
2

11221






TyyTyyyyy

uyuyyyyuyyy

y

T

T



 



 

Then,  

uyxuyxyxxxuyxxx

yyx

TTTT

T

211
2

11221 )()()()(

,

 




 

or 

 ,311
2

21231 uxuxxxxuxxx                                    (22) 

where 

.0)()(      ,0)(

,)0(            ,)0(

,2          ,

,

10

213123

1
2

1121







TyTxyyTx

yxyyx

yy

yyy

TT

T

TT

TTT








 

We consider,  

  ,x   ),   (
1

  ,  4
2

113541
3

13 uuxxxxxuxxuuuu  


             (23) 

where 

.         ,        ,       ,
3

11
35

3

1
4

3

1
14

3

2
3 















   

Let it be 
,1xx   








),,(

,

224152

21

uxfuxxx

xx




                                                 (24) 
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 

     .0)(        ,)0(

 0,)(                 , (0)

,0       ,),(f

21202

1101

14
2
11211232






Txyxx

Txxx

Ttuxxxxuxux 
 

We consider a linear system 

.A  0Buxx   
Fundamental system 

 EÔ(0)           ),()(  tAÔtÔ  
has the form: 

.
, 

,        10

225124215114

2221

2221

1211

542221

1211





































ÔÔÔÔ

ÔÔ

ÔÔ

ÔÔ

ÔÔ

ÔÔ




 

At that 

,

,

, 

,

22512422

2212

21511421

2111

ФФФ

ФФ

ФФФ

ФФ





















 

,1)0(        ,0)0(     ,0)0(     ,1)0(Ô 22211211  ÔÔÔ  

   ,021421521  ÔÔÔ                                                          (25) 

   .022422522  ÔÔÔ                                                          (26) 

The characteristic equation: 

.
2

4
     ,0 4

2
55

1,245
2 




  

has the roots 

,11      0
2

1
51  D , 

,22    .0][
2

1
52  D  

The fundamental matrix of solutions has the form: 

 
).(Ф 

1

])()[()(

)(
))((

)()(1
)(

12
51524

4

5152
1552

12 2112

1212

t
eeee

eeee
tФ

tttt

tttt







 



































 

The inverse matrix: 

),(Ô  )()(
1

12
1 ttÔ

    

  .0)()()( 2
12

)(2
5152

)( 2121     tt ee  

Consequently,  

.
)()(),(

)(
))((

,)()(
)(

1212

1221

15524

4

5152
5152121
































tttt

tttt

eeee

eeee
tÔ









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we get 

,
)()(

)(
))((

)(
B  )()(

12

12

1552

4

5152
121































tt

tt

ee

ee
tÔtQ











 

and 

,
)(),(

)(),()(
)()(

2212

1211
2

2
12














tФtФ

tФtФ
tQtQ


 

where 

,)(
)()(

)( 2
2
4

2
51

2
52

11
12 tt eetÔ 


  


  

  ),(
))((

)()()( 1212

4

5252
155212

tttt eeeetÔ 


  


  

  .)()()(
2

155222
12 tt eetÔ      

,
)(

,

,
)()(),(

2

2
12

2212

1211












 


RR

RR
dQQTtR

T

t

 

 
T

t

T

t

T

t

dФtRdФtRdФtR      .)()(     ,)()(     ,)()( 222212121111   

Let us check:  

,0),( ToR  т.е. ,0)0()0()0(R     ,0)0( 2
12221111  RRR  using .0T  

We calculate ),0(1 TR :  

,)(Ô   )R(t,  )(),(
2221

1211









 

WW

WW
tTtÔTtW  

.
)(),(

)(),(
),()(

2212

12111









 

tKtK

tKtK
TtWtK  

Then the stabilizing control will take the form: 

.)()(
)(),(

)(),(
)1 , 0()(),( 222112

2212

12110 xtKxtKx
tKtK

tKtK
xtKBxtu 








   

 T),0,    t),,(),(),( 0  xtvxtuxtu  

where the scalar function ),( xtv  is determined under the condition [3] 

(t)x,RK(t)x-BB v(t,x),x)K(t)xf(-BB v(t,x)  22                                  (27)  

where 22)( tR  matrix such that 

,0)()(   KtRtRK  
ie, non-negative definite. 

Let us suppose that 
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)()(

0,0
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2221

1211













tRtR
R

R

 

From (27) we have the following equation for determining ).,( xtv  

 
.)2

22

2221212221121423

2221121423
2
11211

(t)xRxRxKxK)v(t,xxηx(β

)xKxK)(xηx(βxηxxγ  v(t,x)-




                        (28) 

Let it be 

,1221 KR   ,2222 KR   

.
00

2
222212

2212
2

12

22122212

1211






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





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












KKK
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RK  

         ,02
2
222212

2212
2

12 







 

K,KK

KK,K
KRRK ,02

12 K  

.02
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2
12

2
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2
12  KKKK  

It follows from (28): 

  ,-1   ),( 2
2222112

2
1111423 xCxxCxCxxxtv   

where 
,124111 KC    ,224123112 KKC    .22322 KC   
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1423

2
2222112

2
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xtCxxtCxtC
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
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2
2222112

2
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provides stability in a finite time interval, i.e. .0)( Tx  
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,124111 KC    ,224123112 KKC    .22322 KC   
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provides stability in a finite time interval, i.e. .0)( Tx  



ISSN 2224-5278                                                                                 Серия геологии  и технических наук. № 2. 2017 
 

 
221 

The obtained control (29) at parametric excitation gives certain prescriptions for closing the current 
process and, although the mechanisms of the regulator may require detailed consideration, the proposed 
approach answers the question of providing the desired state [6]. From the latest results, it is not difficult 
to restore the initial designations of the variables of the respiratory chemostat [7]. 

In the article the stability of the respiratory chemostat on the finite time interval was studied, the task 
of stabilizing the biomedical system of the respiratory chemostat was solved, for cases of linear and 
quasilinear control systems and unsteady regime. The simulation of the process in a closed system for 
controlling the process of the respiratory chemostat for various values of the attenuation coefficient and its 
own angular frequency was carried out. 
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БИОМЕДИЦИНАЛЫҚ ЖҮЙЕЛЕРДІ КВАЗИСЫЗЫҚТЫ БАСҚАРУ  
МОДИФИКАЦИЯСЫН ЗЕРТТЕУ  

 

Аннотация. Тыныс алу хемостатының шектелген уақыт аралығындағы орнықтылығы зерттелген, экологиялық жə-
не биомедициналық жүйелерді зерттеудің сызықты жəне квазисызықты басқару жүйелері айқындалмаған түрде алынған.  

Ағзадағы нормативтік процестерді зерттеудің осы түрі, өмір тіршілігін қамтамасыз ету үшін, техникалық жүйелерді 
жобалауда маңызды рөл атқарады. Жəне де бұл жүйе, оттегі мен көмірқышқыл газын, ағзадағы қысыммен реттеу [“ты-
ныс алу хемостаты” жүйесіне] жүйесіне ғана байланысты емес, сонымен қатар басқа да өмірлік маңызды жүйелердің бір-
қатарын қамтиды. Бірінші кезекте бұл жүйеде “жүрек қантамырларының хемостатының” жүйесіне қатысты, ағзадағы 
таза қанның жылдамдығы арқылы, көміртегінің қысымын жəне оттегінің қалыпты жағдайға дейнгі деңгейіне жасаушы 
резервуарнда жиналып, биологиялық тұрғыда өзін өзі реттейді. 

Биологиялық өзін өзі реттеудің бұл күрделі гидродинамикалық жүйесі, көптеген параметрлері əр түрлі басқару 
сигналдарынің үздіксіз басқаруының əсерінен, өз кезегінде, сыртқы ағзаның жағдайына тəуелді. Осы жүйенің реттеу 
режимі үздіксіз, күрт жəне кенеттен өзгеріп отыратын сыртқы əсерлері бар экстремалды сипатқа ие. 

Түйін сөздер: тыныс алу хемостаты, басқару жүйесі, биологиялық жүйе, шектелген уақыт, орнықтылық,  
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МОДИФИКАЦИЯ КВАЗИЛИНЕЙНОЙ СИСТЕМЫ УПРАВЛЕНИЯ БИОМЕДИЦИНЫ 
 

Аннотация. Исследована на устойчивость дыхательный хемостат на конечном интервале времени и решена задача 
стабилизации биомедицинской системы дыхательного хемостата, для линейной и квазилинейной систем управления. 
Изучение такого рода регуляционных процессов в организме играет важнейшую роль при разработке технических сис-
тем жизнеобеспечения, и это касается не только системы регулирования напряжения углекислого газа и кислорода (сис-
тема "дыхательного хемостата"), но и ряда других жизненно важных систем. В первую очередь это относится к системе 
"сердечно-сосудистого хемостата", которая как биологическая система саморегулирования имеет задачей омывать 
тканевый резервуар свежей кровью с такой скоростью, чтобы поддерживать напряжение углекислого газа и кислорода в 
тканях на нормальном или близком к нему уровнях. Это сложная гидродинамическая система биологической саморегу-
ляции, многочисленные параметры которой находятся под непрерывным воздействием различного рода управляющих 
сигналов, в свою очередь зависящих от внешних относительно организма условий и возмущений. Режим регуляции этой 
системы непрерывно подвергается резко и внезапно изменяющимся внешним воздействиям, имеющим экстремальный 
характер. 

Ключевые слова: дыхательный хемостат, система управления, биологическая система, конечный интервал, устой-
чивость. 
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