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2 Clarivate

Analytics

NAS RK is pleased to announce that News of NAS RK. Series of geology and technical
sciences scientific journal has been accepted for indexing in the Emerging Sources Citation
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of
Science offers to researchers, authors, publishers, and institutions sets it apart from other
research databases. The inclusion of News of NAS RK. Series of geology and technical
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the
most relevant and influential content of geology and engineering sciences to our community.

KaszakcmaH Pecniybnukacel ¥immbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonozausi xoHe
MmexHUKarbIK FbiribiMOap cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfFaH Hyckachl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapsaldel. byn uHdekcmerny
b6apbiceiHOa Clarivate Analytics komnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke kabbinday maceneciH
Kapacmbipyda. Webof Science sepmmeywinep, aesmopnap, 6acnawhbinap MeH MekeMmesriepee KOHmMeHm
mepeHdiei MeH canacbiH ycbiHalbl. KP YFA Xabapnapbi. [eonoeusi XeHe MeXHUKasbIK fblibiMOap
cepusicbl Emerging Sources Citation Index-ke eryi 6i30iH KoramOacmbiK YWiH eH e3ekmi xoHe 6edesnodi
2e0/102Us1 XKoHe mexHUKarbIK FbliibiMOap 6olbiHWa KoHmeHmke adanobifbiMbi30bi 6indipedi.

HAH PK coobuwaem, 4mo HayuyHbll xypHan «Mseecmuss HAH PK. Cepusi 2eonoauu U mexHu4eckux
Hayk» 6bin npuHsam 0ns uHlekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHol eepcuu Web
of Science. CodepxaHue 8 amom UHOeKcuposaHUU Haxodumcsi 8 cmaduu pacCMOMmpeHUs: KoMmrnaHuel
Clarivate Analytics Ons OanbHelweao npuHsmus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadyecmeo u eanybuHy KoHmeHma Ons uccriedosamesiel, asmopos, u3damesiell U y4pexoeHudl.
BkriroueHue Uzsecmusi HAH PK. Cepusi eeonozuu u mexHudeckux Hayk 8 Emerging Sources Citation
Index demoHCmMpupyem Hawy rnpueepXxeHHoCcMb K Hauboriee akmyarnbHOMY U 8/IUSIMEsIbHOMY KOHMeHmy
10 2e0/102UU U MeXHU4YeCKUM Haykam Oris Hauleeo coobwecmsa.
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MODELING OF HEREDITARY MATERIALS
RELAXATION BY ABEL KERNEL

Abstract. The present work is devoted to mathematical modeling of the process of the hereditary materials
relaxation. Nonlinear integral equation of a hereditary type is proposed. The Abel kernel with two unknown
parameters is adopted as the kernel of the integral equation: a € (0,1),6 > 0. Two new characteristics were
introduced: 1) experimental rheological parameter of relaxation; 2) calculated (model) rheological parameter of
relaxation. Using the least squares method, expressions are obtained to determine unknown parameters of the Abel
kernel. A mathematical expression is given to approximate the process of the hereditary materials relaxation.

Using examples of rheonomic materials different in structure (polyurethane matrix, propellant,
polyoxymethylene, fiberglass), it is shown that the proposed methods allow to determine Abel kernel parameters
with a high accuracy and to model the process of relaxation of rheonomic materials different in structure during a
long period of time: from 10” to 1.8-10° seconds (500 hours).

Key words: Abel kernel, relaxation, polyurethane matrix, propellant, polyoxymethylene, fiberglass.

1. Introduction. Almost all natural and artificial materials are viscoelastic ones: they deform in time
under the action of load. And the reaction of many materials to external actions depends on the history of
loading, i.e. these materials are hereditary [1-4]. Creep and relaxation are important characteristics of
hereditary materials. The creep has been studied for an asphalt concrete and other materials in the works
[5-13]. The present work is devoted to the modeling of the process for relaxation of a number of
hereditary materials.

2. Methods and materials. The methods of the theory of viscoelasticity have been used for a
mathematical description of the process for the rheonomic materials relaxation: the Boltzmann-Volterra
integral equation with the Abel kernel; the expressions based on the least squares method are obtained to
determine the parameters of the Abel kernel.

A new method for description of the process of the rheonomic materials relaxation is proposed with
the introduction of new characteristics - the so-called experimental and calculated (model) rheological
parameters of relaxation.

For the mathematical description of the relaxation process, the following materials were selected by
the proposed method: 1) a polyurethane matrix containing salt crystals and aluminum powder
(polyurethane matrix) [1]; 2) solid fuel of rocket engines (propellant) [14]; 3) polyoxymethylene [15] and
4) fiberglass TC 8/3-250 (fiberglass) [16].

3. Theoretical bases

3.1. Integral equation and relaxation kernel. The equation for the nonlinear hereditary type of a
rheonomic material we will write in the following integral form
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t

o6 T) = fe@, ] - [ R~ Dfle@), The, o)
0
where T is a temperature, T = const; f[e(t), T] is a nonlinear function of time at T = const; £(t), £(7) is
a deformation at time moments t and 7; R(t — 7) is a relaxation kernel.
At £(t) = const from the equation (1) we have:

t
o(tT) = f(&,T) - [1 —fR(t—r) dr|, @)
0

where f(g,T) = gy(¢, T) is an instantaneous deformation curve.
We take relaxation kernel in the form of the following functions:

R(t—1)=6(t—1)"%a€e(0,1); §>0. 3)

where «, § are parameters of the relaxation kernel.
Inserting the function (3) into the equation (2) we will have:

o(t,T) = 0y(s,T) - |1 — %t(l_“)]. 4)

In the expression (4): a = a(T), 5 = 6(T).
3.2. Relaxation kernel parameters. Relaxation equation (4) includes three unknown parameters:
0o(e,T), a and 4. It contains a function with the parameters a and §:

Lo = % (=) 5)

The singular parameter takes a value in the interval (0, 1). The works [5-8] suggest the parameter « to
consider as the specified one, and the remaining two other parameters to determine using the least squares
method. In the work [9] the above method has been improved: the determining ratios have been changed
by introducing the so-called experimental rheological parameter.

In accordance with the work [9] we introduce the parameter determined by the formula:

o.(t,T)
o5 (T
where g, (t, T) is a stress value at a time moment ¢ at a temperature T determined experimentally; o (g, T)
is a stress value at a time moment t,, at a temperature T determined also experimentally.

We shall call 7, (¢, T) as an experimental rheological relaxation parameter.

Similar to the parameter 7,(t,T) we shall introduce the calculated (model) rheological relaxation
parameter 13, (t, T) determined under the formula:

7,(t,T) =

(6)

on(t,T)

ot (e, T)

where 0, (t,T) is a stress value at a time moment t at a temperature T, determined by the calculations;
*(e,T) is a stress value at a time moment ¢, at a temperature T, determined also by the calculations.

According to the least squares method the parameters values o*(g,T) and § = 6(T) should satisfy
the following condition:

2
Slog™ (e, T, 6(T)] Z[ e %tfl‘“)—oﬂ-) ]amin, @®)

where S[0j"*(g,T),8(T)] is a sum of squared deviations; o,; is a stress value at a time moment t;
determined experimentally;
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M total number of the considered time moments.

3S|og*(eT),6(T)] _ aSloM(eT),86(T)] _ ) .
—ren 0 and —em - 0 we will obtain

the expressions for the determination of the parameters o{* (¢, T) and &(T):

N 20e) N )N (a)
Pt = Dy
DD Z; Z;

From the following partial derivatives

1= i=l i=l1
$ a0 ){f:a)T
MY 77—y
i=1 i=1 , (9)
M
Z (1 - rei )ti(lia)
S(r)=-—0
1 Z tiz(l—a)
ma's : (10)
where r,; = 1,(t = t;, T).
In the expression (9) it is accepted that
al*(e,T) = a§ (¢, T). (11)

3.3. Approximating expression. After determination of the parameters & andOthe so-called
coefficients of the similarity are calculated under the expression:
fn(ts, T) = 1= == ¢{17%), (12)
where tg € [0, ty].
Taking into account (12) we will determine the value a;(e, T):

Eo(g,T):LfM

M5 rm(tS7T)‘

Approximating analytical expression for the process of the rtheonomic materials relaxation has the
following form:

On(t,T) = T5(e,T) - (1 - = £0-), (13)

4. Results and discussion. The relaxation function of the polyurethane matrix is determined by the
pure shear experiment under dynamic loading conditions at the temperature of 26.1 °C [1]. The work [14]
also determines the function of the propellant relaxation at pure shear under conditions of dynamic
loading. The functions of polyoxymethylene relaxation at tension at the temperature of 20 °C are
determined at two values of conditionally instantaneous deformation: 2% and 10% [15]. The relaxation
functions of fiberglass cut at an angle of 45% to the fabric base at tension at the temperature of 23.5 °C are
determined at three values of conditionally instantaneous deformation: 0.31%, 0.7% and 1.55% [16].

Experimental and calculated values of relaxation stresses of the materials under consideration are
presented in figures 1-4. As can be seen, the degree of coincidence between the calculated and
experimental stress values is high.

Thus, the obtained results have shown that the suggested methods make it possible to determine Abel
kernel parameters with high accuracy and simulate the process of relaxation of rheonomic materials
different in structure during a long process of time (from 100 seconds to 500 hours).
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Figure 1 — Polyurethane matrix relaxation curve at the temperature of 26.1 °C: o — experiment, == — calculation
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Figure 3 — Polyoxymethylene relaxation curve at the temperature of 20 °C: o — experiment, == — calculation
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Figure 4 — Fiberglass relaxation curve at the temperature of 23.5 °C: o — experiment, == — calculation

Conclusion. 1. The method has been proposed for the mathematical description of the process for the
rheonomic materials relaxation with introduction of the new parameters: experimental and calculated
(model) rheological parameters of relaxation.

2. The Abel kernel has been accepted in the integral equation in the mathematical description of the
process of the rheonomic materials relaxation.

3. The expressions for determining parameters a and §of the Abel kernel have been obtained based
on the least squares method.

4. Using the examples of the rheonomic materials different in structure (polyurethane matrix,
propellant, polyoxymethylene, fiberglass), it is shown that the proposed methods allow determining Abel
kernel parameters with high accuracy and modeling the process of the rheonomic materials relaxation
different in structure during a long period of time: from 10 to 1.8-107 seconds (500 hours).

M. K. Kypbinos', A. U. Hckak6aes™?, B. B. Tearaes?, K. C. Kyrumos®

'«JI. B. Coxonbckuii aThiHmars «KaHapMaii, KaTans JKoHE SIeKTPOXUMHUS HHCTUTYThD AK,
Anmarsl, Kazakcran;
2 .
«KazakctaH %o FeUIbIMU-3epTTey UHCTUTYTh» AK, Anmatsl, Kazakcran;
3 On-Dapabu aTeinaarel Kazak YITTHIK yHHBEpcHTeTI, Animatel, Kazakcran

ABEJIb A/IPOCBI APKBIJIBI MYPAJIBIK MATEPUAJIJIAP
PEJJAKCAIIUACBIH MOJEJBJAEY

AnHoTtanusi. JKyMbIC MypasiblK MaTepHalJapAblH pejlakcalus YAEpiCiH MaTeMaTHKaJblK MOJEJbIeyre
apHayiFaH. MypallblK TUITET1 CBI3BIKTBIK €MEC MHTETrPAJJIbIK TeHEY YChIHbUIaAbL. VHTerpaniblK TeHACY IiH SAPOCH
peringe exi Genriciz: a € (0,1),6 > 0 mapamerpnepi 6ap AGenb sapochl KaObuimanawl. Kenecigel eki sxana
cUmaTTama eHrizuiui: 1) penaxkcalysiHbIH SKCIIEPUMEHTTIK PEOJIOTHSUIBIK MapaMeTpi; 2) pellakCalUsHbIH €CeNTiK
(MOJenBIIK) PEoNIOTHSUIBIK Mapamerpi. EH Kimr KBaaparrap ofici HETI3iHAE pejakcamus TeHICYIHIH Oenrici3
napaMeTpiiepiH aHbIKTayFa apHaJFaH OpHEKTEep albIHIbl. MypanblK MaTepHaigap/AblH pelakcauus yAepiciH
CHUIaTTayra apHaJIFaH MaTeMaTHKAJIbIK OpHEK Oepiii.
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KypbUibIMBI  opTypii  peoHOMAbl  MaTtepuangap (MOJUypeTaHAbl MAaTpulla, 3bIMBIpAaH >KaHapMaiibl,
MTOJINOKCUMETHWIICH, IIBIHBI TAJIIBIK) HETI31HIE YCHIHBUIFAH omicTep AOeNb SAPOCHIHBIH MapaMeTpiiepiH >KOFaphI
JIOIIIKIIEH aHBIKTayFa JKOHE KYPBUIBIMBI OPTYPJIl PEOHOM[IbI MaTepUaslapiblH pejiakcalys YICpICiH y3aK yakbIT
0oiibl MOJIENB/ICYTe MYMKIHIIIK O€peTiHI KOpPCETIIreH: 10? cexyHaTaH 1,8 10° cexyHaKa neiin (500 carar).

Tyitlin ce3gep: AOens sAOpoChl, pelakcanys, MOJUYpPETaHABl MaTPWIA, 3BIMBIPAaH JKaHapMaibl,
MOJMOKCUMETHUIICH, IIbIHBI TUIACTHK.
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2A0 «Kazaxcranckuii JIOPOKHBIN HaydHO-UCCIIeI0BATEIbCKUIA HHCTUTYT», Anmathl, Kazaxcran;
*Kasaxckuil HALMOHATBHBIIT yHHuBepcuTeT uM. anb-Dapadu, Anmarsl, Kazaxcran

MOJEJIMPOBAHUE PEJTIAKCALIMN
HACJIEACTBEHHBIX MATEPHUAJIOB S1I/IPOM ABEJISA

AnHoTtanmsi. Hacrosiiast pabora mocsiiiieHa MaTeMaTHu4eCKoMy MOZEIMPOBAHHUIO MPOLIECcca PElaKkcalliy Hacle -
CTBEHHBIX MaTepHuaioB. [Ipe/iokeHO HeJIMHEeHOe MHTerpalibHOe YpaBHEHHE HACJIEJCTBEHHOro Tuma. B kauecTBe
sIpa MHTErPAILHOTO ypaBHEHUS NPHMHATO sapo AGens ¢ IByMs HeusBeCTHbIMU napamerpamu: a € (0,1),6 > 0.
BBeneHb!l 1Be HOBbIE XapaKTEPUCTUKU: 1) SKCTIEpUMEHTAIBLHBIN PEOJIOTHISCKUI TTapaMeTp peaKkcaryu; 2) pacdyer-
HBIH (MOJEIIbHBIN) PEOIOTHUECKU TapaMeTp penakcanuu. Vcrnonbs3ys MeToll HAaMMEHBIINX KBaJPaToB, MOJY4EHbBI
BBIPOKEHHUS ISl ONpPEJENIeHUs] HEeM3BECTHBIX MapamerpoB siipa AGens. J[aHO MaTeMaTH4eckoe BbIpaKEHUE st
anMnpoKCUMAIMH TpoIecca pelakcaly HaCIeACTBEHHBIX MaTEPUaIIOB.

Ha npumepax pasHbIX M0 CTPYKTYpPE PEOHOMHBIX MaTepHaloB (TIOJHYyPETaHOBas MAaTPHILIA, PAKETHOE TOILIMBO,
MOJMOKCUMETHIICH, CTEKJIOIJIACTHK) MOKa3aHO, YTO MNPE/IJI0KEHHbIE METOMABbI IO3BOJSIIOT C BBICOKOW TOYHOCTBHIO
OIpelessITh napameTpsl sapa AGenss ¥ MOJECIUPOBATH IPOLECC PENaKCallid Pa3HbIX 0 CTPYKType PEOHOMHBIX
MAaTEepHAIIOB B TeYCHHE [UTHTENBHOTO meproaa Bpemern: ot 107 o 1,8-10° cexyHT (500 gacoB).

KawueBble cioBa: siipo AGesst, penakcanusi, MOJIMypeTaHOBas MaTpPHIA, PAKETHOE TOILUIMBO, MOJIMOKCH-
METHUJICH, CTEKJIOIIACTHUK.
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